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1 Combinatorics

1.1 Board and Grid

Problem 1.1 (from AoPS). Let n > 1 be an integer. Let X = {1,2,--- ,n*}. Let AC X
with |A| = n. Prove that the set difference X — A contains an arithmetic progression
with n terms.

Solution (of user |62861| from AoPS). Write the numbers 1, ..., n? in an n x n grid
in the usual way, with 1 in the top-left corner, n in the top-right corner, and n? in the
bottom-right corner. If two of the n deleted numbers are in the same row or column,
at least one row or column is unaffected and its elements form an n-term arithmetic
progression.

Otherwise, one term is deleted from each row and column. Now, consider two adja-
cent rows: if the deleted element in the higher row is to the left of the deleted element
in the lower row, then these rows combined have n consecutive integers, forming an
arithmetic progression.

The only remaining case is when the deleted elements are n, 2n—1, 3n—2, ..., n?—
n+ 1. In this case we can simply take n—1, 2n—2, ..., n? —n as our n-term arithmetic
progression. O

Problem 1.2 (from |AoPS). Prove that there exists a constant ¢ > 0 such that for every
integer n the following holds: you can take at least en lattice points in n x n grid such
that no four of them make a square with sides parallel to the coordinate axes.

Solution (of user Think1234 from AoPS). We will select points with probability p,
then delete some points so that we delete every square formed.

The expected number of points we select is n?p and it is easy to check that the
number of squares is N =12 +22+ ...+ (n—1)? = w. Now consider one fixed
square. The probability that it has all 4 vertices selected is p*. Using the linearity of
expectation we get that the expected number of squares is Np*. Thus we may consider
a selection of points with at most Np* points. Remove one point from each square, so

1

we are left with at least f(p) = n’p — Np* points. Now, since 3n® > N, we have at

least f(p) = n’*p — %n3p4 points and by plugging p = n~3 we are left with at least %n%
points. ]

Problem 1.3 (All-Soviet olympiad in Riga 1971, from [7]). A cube with side length n
is divided into 73 unit cubes. What is the minimal number of these unit cubes, the lines
through which parallel to the sides intersect all n® unit cubes?

TL2

Solution (from the same source). Answer: 7 |

We will call the great cube the 3D board and each unit cube a cell. We need to place
several rooks in some cells to beat all n?® cells. We import Cartesian coordinate system
Oxiz973 and assume that the board is placed so that one of its vertices coincides with
the origin O and its faces are parallel to the axes.

Examples of optimal arrangements are shown in Figure [1.1] separately for even and
odd n. The face of the board corresponding to x5 is displayed, and the numbers in the
squares show the height of the rook above them.

3


https://artofproblemsolving.com/community/c6h2228705p17001745
https://artofproblemsolving.com/community/c6h2228705p17047463
https://artofproblemsolving.com/community/c6h2623375p22672186
https://artofproblemsolving.com/community/c6h2623375p22672219

Figure 1: Examples of optimal arrangements for n = 10 (left) and n = 9 (right)

Now we prove the bound. We will call a layer any set of n? cubes whose centers lie
in a plane perpendicular to a coordinate axis. Intersection of two layers will be called a
row.

Suppose that M rooks are arranged so that they beat all the cells of the board.
Choose a layer S with the minimal number m of rooks in it. We may assume that S is
parallel to zix9. Let these m rooks beat m; rows parallel to z; and my rows parallel to
xo. WLOG my > my. Of course m > my. Then these rooks leave (n —my)(n —ms) cells
unbeaten which should be beaten in the direction of xs.

Now consider all the n layers perpendicular to x5. The n — m; such layers which
do not contain rooks of S should contain at least (n — my)(n — ms) rooks. Each of the
remaining m; layers has at least m rooks (according to the choice of m). Then

M > (n—mi)(n —msg) +mmy > (n—my)?* +m?.

2
It is easy to check that the minimum of RHS is attained for m; = [%—‘ . O

Remark 1.3.1 (from the same source). This problem is equivalent to IMO 1971 problem
6:

Let A = (a;j), where 4,5 = 1,2,...,n, be a n x n board with all a;; non-negative
integers. For each i, j such that a;; = 0, the sum of the elements in the ith row and the
jth column is at least n. Then the sum of all the elements in the board is at least ”72

Problem 1.4 (Ankan Bhattacharya, ELMO 2020 P5, from AoPS). Let m and n be
positive integers. Find the smallest positive integer s for which there exists an m x n
rectangular array of positive integers such that

e cach row contains n distinct consecutive integers in some order,
e cach column contains m distinct consecutive integers in some order, and

e cach entry is less than or equal to s.


https://artofproblemsolving.com/community/c6h2210482p16724066

Solution (from the posts of users ihatemath123| and 62861 on AoPS). The answer
is m + n — ged(m, n) attained by breaking the board into ged(m,n) x ged(m,n) Latin
squares. An example for (6,9) is shown below:

4 /5,6 7,6 9 10 11 12

Now we prove the bound. Let P(z) = Zxc. Then P(z) is divisible by both

c cell
1+ -+ 2™ (sum by columns) and 1+ --- + 2"~ (sum by rows), so (x — 1)P(z) is
divisible by both 2™ — 1 and 2" — 1.
Thus (z —1)P(z) is divisible by their LCM
(all numbers are positive). It follows that the largest number in the table, which equals
deg P, is at least m + n — ged(m, n). O

(™ —1)(z" = 1)
pecd(m,n)—1

and also divisible by x

Problem 1.5 (from |AoPS)). A n x n x n Rubik cube is made up of n® unit cubes. In
each of the unit cubes we write a distinct integer. Prove that there are two adjacent
cubes which contain numbers a, b such that, |a — b| > n?> +n + 1. Note that two cubes
are adjacent if they share a vertex.

Solution (of user |quantan13| from AoPS). Consider the cubes with number n® and 1
respectively. Its easy to check that there is a path of adjacent cubes between them with
length < n — 1. Thus by PHP, there are 2 adjacent cubes in that path whose difference

. n3 - ]- 2 .

is > 1 =n”+n+ 1, as desired. O
n _—

Problem 1.6 (from |AoPS). In a n X n matrix the numbers 1,2,... ,n each appear

exactly n times. Show that there exists at least a row or a column with at least \/n
distinct numbers.

Solution (of user onyqz from AoPS). Denote by C; and R; the number of columns and
rows, in which the number ¢ appears, respectively. Note that C; - R; > n, since all n
appearances of i are contained in a rectangle of size C; - R;. Then from AM-GM it also
follows that C; + R; > 2+/C; - R; > 2+/n. Let S be a uniformly random element from the

set of rows and columns and denote by X = Z X; the number of distinct integers in S,
i=1
where X is the indicator variable for element i € S, 1 < i <mn. Then

EX]=)» E|X;] = Pli € S] = — > —_—>
R T
from which it follows that there exists some row or column with > /n distinct numbers.
O


https://artofproblemsolving.com/community/c6h2210482p33165335
https://artofproblemsolving.com/community/c6h2210482p16724776
https://artofproblemsolving.com/community/c6h3230571p29593779
https://artofproblemsolving.com/community/c6h3230571p33069156
https://artofproblemsolving.com/community/c6h616252p3670209
https://artofproblemsolving.com/community/c6h616252p33283733

Problem 1.7 (from|AoPS). A (2m+1) x (2n+1) grid is colored with two colors. A 1x 1
square is called row-dominant if there are at least n + 1 squares of its color in its row.
Define column-dominant squares analogously. Prove that there are at least m +n + 1
squares that are both column-dominant and row-dominant.

Solution (of user Seicchi28| from AoPS). Let A, B be the set of row-dominant and
column-dominant squares, respectively. Observe that |A| > (n + 1)(2m + 1), and |B| >
(m+1)(2n + 1). Therefore

|ANB| = |A|+|B|—|AUB| > (n+1)(2m+1)+(m+1)(2n+1)—(2m+1)(2n+1) = m+n+1.
0

1.2 Sets

Problem 1.8 (modified from|AoPS). Suppose m € Z-;. Find the maximum possible pos-
itive integer k for which there exist k pairwise distinct non-empty subsets A, Ag, - -+, Ay
of M ={1,2,--- ,m}, such that for any 1 < 1,5 <k,

Al & Aj, |Aj] ¢ A

—1
Solution (from |AoPS). Answer: (?}nw)
2
Let A:= A U---UA, and M\ A = {iy,...,4}. Then for any i € A no A; exists

with |A;| = i. Hence
() (R0

7j=1
Note that for fixed [ the last sum is maximized when i1,...,7; are the middle [ numbers
of the array 1,...,m — [. Thus we need to maximize

l
i

1= 3 ()

2

Using ("“) ( +(,",) or inspecting Pascal’s triangle we see that f(I) > f(I{+1) holds
for any 1 <1 < m — 2. Hence

k< f()<f(1)= (?WT;D

This bound is achieved when the sets A;,..., A, are all the [™= 1l-element subsets of

MA {254} 0

Problem 1.9 (China Second Round 2015 (A) Q2, from AoPS). Let S = {A;, As, ..., An},
where Aj, As, ..., A, are n pairwise distinct finite sets (n > 2), such that for any

A, Aj e S, AiUA; € S0 If k= min |A;] > 2, prove that there exists z € UAZ"

1<i<n el
1=
n
such that x is in at least T of the sets Aq, A, ..., A,.
6


https://artofproblemsolving.com/community/c6h3452588p33326271
https://artofproblemsolving.com/community/c6h3452588p33329020
https://artofproblemsolving.com/community/c6h3374937p31427318
https://artofproblemsolving.com/community/c6h3374937p31520394
https://artofproblemsolving.com/community/c6h1238139p6307354

Solution (of user EthanWY X2009| from AoPS). Let |A;| = k. Let there be s sets in
Ay, Ay, ..., A, that are disjoint from Ay, denoted as By, Bo, ..., B,, t setsin Ay, Ay, ..., A,
that contain A;, and the remaining n — s — ¢ sets have non-empty intersections with A;.
By the condition, By U Ay, Bo U Ay, ..., B, U A; are different sets containing A; in S, so
t > s. Hence, the number of times an element in A; appears in A, As, ..., A, is at least

tk+(n—s—t) >n+ (k—2)t > n.

n
Now by pigeonhole principle there exists an element in A; that appears at least in T sets
of S. O

Problem 1.10 (APMO 2013, Problem 4, from |AoPS). Let a and b be positive integers,
and let A and B be finite sets of integers satisfying

(i) A and B are disjoint;

(ii) if an integer 7 belongs to either to A or to B, then either ¢ + a belongs to A or i — b
belongs to B.
Prove that a |A| = b|B|.
Solution (of user math154 from AoPS). After AUB = (A —a) U (B +b), we can
also write the generating function A(z) + B(z) = 27 *A(z) + 2°B(x). We can finish by
@ —1 b1
differentiating at 1, or equivalently, plugging 1 into L Ax) = z . B(z). O
ze T —

(z —1)

Problem 1.11 (2021 China Second Round Olympiad(A) P4, from [AoPS)). Find the
minimum value of ¢ such that for any positive integer n > 4 and any set A C {1,2,--- ,n},
if |A| > cn, there exists a function f: A — {1, —1} satisfying

> a-f(a)

acA

<1

Solution (of user luosw| from AoPS).
k

Lemma 1.11.1. For by, by, -+ ,bx € N, if > b; < 2k, then for each i = 1,2,--- | k, there
i=1

exists g; € {1, —1}, so that <L

k
> cib;
=1

Proof. For k = 1,2, lemma is true. If & > 3, then we consider these n — 1 numbers:

ba, bz, -+, bp — by (we sort them so that by < by < -+ < by). O

Considering A = {1,4,5,6},n = 6, there does not exist a function f so that
> fla)-al <1. Soc> g If ¢ = g,A ={ay, a9, - ,ar},k >cn = gn, then 3k > 2n.
Sagrli A so that a; < as < --- < ap. If kiseven, let by = as —aq,bo = a4 — agz, - - ,bg =

k
2
ap — ap—1. Consider > b; <n— % < k. By lemma, there exists a function f satisfying the
i=1
problem condition. If £ is odd, let by = a1,by = a3 — aq, -+ ,brr = ap — ap_1. Consider
2

k

2

>ob<n-— % < k+1. Again, by lemma there exists a function f satisfying the problem
i=1

condition. O


https://artofproblemsolving.com/community/c6h1238139p33027233
https://artofproblemsolving.com/community/c6h532681p3046944
https://artofproblemsolving.com/community/c6h532681p3047016
https://artofproblemsolving.com/community/c6h2669945p23135852
https://artofproblemsolving.com/community/c6h2669945p23148519

Problem 1.12 (2021 China Girls Math Olympiad, from AoPS). Given a finite set .S,
P(S) denotes the set of all the subsets of S. For any f : P(S) — R prove the following

inequality:
YD A B E >0,

AeP(S) BeP(S)

Solution (of user Tintarn from AoPS).

DDENICWICIED DD f<A>f<B>=Z<Z f(A)> > 0,

A,B,C:CCANB C AB:CCACCB A:CCA

]

Problem 1.13 (USAMO 2007, from |AoPS). Let S be a set containing n?+n—1 elements,
for some positive integer n. Suppose that the n-element subsets of S are partitioned into
two classes. Prove that there are at least n pairwise disjoint sets in the same class.

Solution (of users GeronimoStilton and awangl1 from |AoPS|). We show a general-
ization of this result: let S be a set of k(n + 1) — 1 sets. Let the subsets of S with
cardinality n be partitioned into two classes. Then one of the classes contains k pairwise
disjoint sets.

The proof is by induction on k. If k£ = 1, the result is obvious. Let & > 2. If all the
subsets of S with cardinality n lie in the same class then we are done, so suppose otherwise.
Then there are subsets A and B of S with cardinality n such that [AN B| =n — 1 and
they lie in different classes. By the inductive hypothesis on 7= S\ (A U B), one of the
classes restricted to T' contains k — 1 pairwise disjoint sets, so the result holds for k£ by
considering those k£ — 1 pairwise disjoint sets by using the appropriate choice of A and B
as the k-th set. O

Problem 1.14 (1st round of Polish Math Olympiad 2024/25, from AoPS). Positive
integers k,n and subsets Ay, Ag, ..., Ag of the set {1,2,...,2n} are given. We will say
that a pair of numbers x,y is good, if < y, x,y € {1,2,...,2n} and there exists exactly
one index i € {1,2,...,2n}, for which exactly one of x,y belongs to A;. Prove that there
are at most n? good pairs.

Solution (of user |CatinoBarbaraCombinatoric from AoPS). Divide the numbers
1,...,2n into two groups X, Y such that X contains the numbers that appear odd number
of times among Ay, ..., Ax and Y contains the numbers that appear there even number
of times. If x, y is a good pair then x and y are in different sets. So the maximum number
of good pairs is | X||Y'| which is at most n? because | X|+ |Y| = 2n. O

1.3 Hall’s Theorem

Problem 1.15 (from the problems of A. Balitskiy’s course From Combinatorics to Ge-
ometry). Given a rectangle of n — r rows and n columns such that each of the numbers
1,2,...,n occurs once in every row and no number occurs twice in any column, then
there exist r rows which may be added to the given rectangle to form a Latin square.

Note: a Latin square is an n x n array filled with n different symbols, each occurring
exactly once in each row and exactly once in each column.

8


https://artofproblemsolving.com/community/c6h2647251p22909197
https://artofproblemsolving.com/community/c6h2647251p22909220
https://artofproblemsolving.com/community/c6h145845p825499
https://artofproblemsolving.com/community/c6h145845p20151010
https://artofproblemsolving.com/community/c6h3468440p33541599
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https://balit.ski/mipt2018combigeo/files/hall_1.pdf

Solution (from [3|). Let C;,i = 1,2,...,n be the subset of the numbers 1,2, ..., n which
do not occur in the ith column of the given rectangle. Then each C; contains » numbers
and each number occurs r times in all the C’s. For there are n — r numbers in the ith
column and each number has appeared in n—r columns. It will be shown that the subsets
satisfy the requirements of P. Hall’s theorem:

In order that a complete system of distinct representatives of subsets Ty, ..., T,, of
a set S shall exist, it is sufficient that for each k = 1,...,m any selection of k of the
subsets shall contain between them at least k elements of S.

The necessity of these requirements is evident. Let us apply this theorem to the
subsets C;. Any selection of £ C’s will contain kr numbers and at least k of these must
be distinct since each number is contained in only r C’s. The distinct representatives
c1,...,c, of the subsets C1,...,C, may be added as a row to the given rectangle. For
c1,...,c, must contain each of the numbers 1,...,n once and no ¢; has appeared in the
1th column of the given n —r rows. Repeatedly applying this process, we continue adding
rows to the rectangle until it becomes a complete Latin square. O]

Problem 1.16 (from |AoPS). We have a circular plot of land, of area 1. We also have
n male-female couples who are waiting to build their homes on this plot. The Ministry
of Male Land-Plot Division divides this plot of land into n equally sized connected
regions. Then each man chooses a distinct region. The Ministry of Female Land-Plot
Division divides this plot of land into n equally sized connected regions as well. Then,
each woman also chooses a distinct region from these n regions.

e Prove that the women can each choose a distinct region such that they share non-
trivial land area with their spouses.

e The couples are not satisfied with just sharing non-trivial land area with their
partners. Find the function f(n) such that it is guaranteed that there is some way
for the women to choose a distinct region such that the area each woman shares with
her spouse is at least f(n), and such that this function f(n) cannot be improved.

Solution (from the same source). Answer: f(n) = —.
n
We scale the problem such that the disk is area n and each region is area 1. Then
1
the answer will be f(n) = —.
n

For the upper bound we create a partitioning in which one of the male plot is divided
into n equal parts of size —. Then the answer is bound from above by —.

n n
To get lower bound we construct a bipartite graph on 2n nodes, n represent the male
plots and n represent the female plots. We join a male and female plot if they share an

area of size at least —. For the sake of contradiction we have a subset of n males’ plots
n
of cardinality k, connected to m < k female plots in this graph.

1
Note that m > 0 since if m = 0 then all n female plots contribute < — area, and
n

n
then £k < — =1, contradiction.

n
The male plots together form a region of area k. Of this region of area k, m of the

female plots contribute at most an area of 1, and n — m of the female plots contribute at
1

most an area of —.
n


https://artofproblemsolving.com/community/c6h3480334p33724677

We have
(n —m)
n

k< m+ <k—-1+2—k
n

contradiction since m < k—1 and m > 0. By Hall’s marriage theorem, all the subsets of
k male plots are connected to at least k female plots, establishing the lower bound. [

Remark 1.16.1. If £ = 1 and m = 0 the strict inequality in the last display falls. But
the leftmost inequality is strict.

1.4 Geometry

Problem 1.17 (Nikola Petrovi¢, Serbia MO 2019, from AoPS). On the spherical planet
X there are 2n gas stations. Each station is paired with a gas station located at the
diametrically opposite point on the planet. Each station has a fixed (non-replenishable)
amount of gas. The arrangements of stations and the amounts of gas at each station are
such that it is possible for a car with an empty (and large enough) reservoir to start from
any station and reach its paired station (filling up its reservoir with any gas it encounters
along the way). For which n does it follow that it is possible for the car to start from
some gas station and visit all the other gas stations on the planet. Assume that the car
consumes a fixed amount of gas per unit length.

Solution (from |AoPS). The answer is n < 3.

The station diametrically opposite to station X will be denoted by X’. For n < 1
everything is trivial. Let n = 2 and let AB = A’ B’ be the smallest among all the distances
between two stations. You can get from station A to A’, for example, via AB’A’. But
there is enough gas in B to drive to the nearest station A, so the road BAB'A’ is possible.

Consider the case n = 3 and the six stations A, A’, B, B',C,C". Let AB = A'B’ be
the smallest distance between the two stations and let the station B be the closest to C.
Denote S = {A,B,C} and §' = {4, B',C"}. Starting from each station of one set we
can reach to the other set.

(1) Suppose that it is impossible to reach from station A to the set S’ via AB. Then we
cannot get to S’ via AC too, otherwise we could also via ABC, because BC' < AC,
and there is enough gas in B to compensate for the consumption on the route AB.
Therefore, starting from A we can only get to S” directly. The closest point of the
set S is ', so the entire path C BAC'B’A’ is possible.

10
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https://artofproblemsolving.com/community/c6h1817595p32847625

(2) If the case (1) does not apply, go from A straight to B. Since the set S’ is in our
range, and BC < d(B,S’) = BC’, we can extend from B to C'. There we will
replenish the gas consumed on the road BC, and since d(C,S") = CA’ < d(B,5’),
we will be able to reach S’, more precisely to the station A’. Further we can go to
B’, and from there to C’. We get the path ABCA'B'C".

It remains to construct a counterexample for n > 4. We may assume that half the
length of a big circle of the sphere is 1. Arrange the stations As, As, ..., A, on a big circle
so that AyAs = A3A; =--- = A, 1A, =d< ﬁ and the station A; so that A1A; = d
and A1 As = Ay Ay Again, denote S = {A;,..., A} and §' = {A],..., A, }. We supply
the stations Ay, A},..., A,—1, Al,_, with gas sufficient to cover the distance d, and the
stations A,, and A/ with gas to cover the distance 1 — (n — 1)d.

A,
Ay Ay
A Az
A A,

A

n

From each station it is possible to reach the diametrically opposite one: indeed, for
2 <i<nthepath A;A;... A, ALAL ... Al is possible, and the path A1 A3A, ... A, ALAL A
is also possible. On the other hand, in each of the stations Ai,..., A, 1 there is just
enough gas to get to the nearest station, and in A, and A/, just enough to go to the sec-
ond set. Therefore, in order to visit all the stations, at least one of the sets, say S, would
have to be visited completely without using fuel in A,, but for that it is necessary to
travel longer than (n—1)d, and there is only fuel enough for a path of length (n—1)d. O

Problem 1.18 (Pranjal Srivastava, Indian National Mathematical Olympiad 2023, from
AoPS). Euler marks n different points in the Euclidean plane. For each pair of marked
points, Gauss writes down the number |log, d| where d is the distance between the two
points. Prove that Gauss writes down less than 2n distinct values.

Solution (from |AoPS)). We first prove that Gauss writes down at most n even numbers.
For each even number 2k that Gauss writes down choose a single pair of points whose
distance lies between 2% and 22**!. Connect these points with an edge. We claim
there cannot be a cycle: indeed, if the edges corresponding to the distinct even integers
2k, ..., 2k, 2k, 11 form a cycle in that order, then the sum of distances for the first m
edges is at most

22km+1

22k1+1 + . + 22k7n+1 S 22k7n+1(1 + 2_2 + 2_4 + . ) S < 22krn+2 S 22kfm+1’

1

22
i.e. less than the distance corresponding to the last edge: a contradiction with triangle’s
inequality. So there are at most n — 1 edges.

This implies that Gauss only writes at most n — 1 even numbers, and similarly at
most n — 1 odd numbers. Thus, Gauss writes down at most 2n — 2 numbers in total. [J
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Problem 1.19 (from |AoPS). For a plane with 2025 points, prove that we can choose 45
such that all the triangles formed between these points are obtuse.

Solution (using the jhint| of user R8kt on AoPS). Import such a Cartesian system that
all the 2025 points P, = (x;,y;) have distinct z-coordinates z; < .-+ < xgg5. Then
by Erdés-Szekeres’s theorem among the y-coordinates 1, ..., y2025 there is a monotonic
subsequence ¥, ..., ¥is. Lhen for any 4,5,k € {i1,...,145} with i < j < k the triangle
P;P; P, has an obtuse angle at P;. O

1.5 Algorithms

Problem 1.20 (Walther Janous, Austrian MO 2024, Final Round P5, from |AoPS). Let n
be a positive integer and let 21, zs, .. ., 2, be positive integers such that for j =1,2,...,n
the inequalities z; < j hold and 2z; 4+ 22+ - - + 2, is even. Prove that the number 0 occurs

among the values
ZliZQﬂ:"':i:Zn,

where 4+ or — can be chosen independently for each operation.

Solution (of user dgrozev|from AoPS). We do it by induction on n. Consider z,_; and
zp. If they are equal, we cancel them (by taking them with different signs) and proceed
with the first n — 2 numbers. If z,_; < z, we take z,_; with different sign as z, (though
the sign of the z, is still undetermined). This, virtually results in cancelling z, ;. After
that we move the number z, — z,,_1 in n — 1-th position and proceed further. If 2, < z,_1
we "cancel" z, and proceed with 2, 1 — 2, on the (n — 1)-th position. O

Remark 1.20.1 (from the same source). This could be made a constructive algorithm
actually.

Problem 1.21 (STEMS CS 2025 Cat B P2, from |AoPS)). An alien criminal is hiding in
a torus-shaped UFO with n rooms arranged in a circular layout, numbered 1 through n.
You don’t know the alien’s initial room, and you can shoot at any room. If you shoot
the room where the alien is hiding, the alien dies; otherwise, it teleports v rooms away
in the clockwise direction, where v is a fixed but unknown integer.

Devise a shooting strategy that guarantees the alien’s death in O(nlogn) shots.

Solution (official solution)). The strategy we will follow is, for every k from 1 to n shoot
the room with number %, [7] times.
Note that, the total number of shootings this process uses is

z”: {%W = O(nlogn).

i=1

Let g = ged(v,n), and let s be the room where it starts. Note that after each turn
the room number of the alien stays constant modulo g. Observe that in every consecutive
 moves the alien will visit every room which has number s (mod g¢) assuming the alien
starts at a room with number s (mod g). Therefore in o moves it will visit the room
with number a such that, 1 < a < g and s = a (mod g), which is unique.

Since we are shooting room a, [%] times, which is > 2, it is guaranteed that the

alien will visit room a at least once during the shooting and will be shot. O
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1.6 Logic

Problem 1.22 (from YouTube, from StackExchange). 10 humans are abducted by aliens.
The aliens give each abductee either a purple hat or a green hat. The 10 are lined up in
a single file line, each facing forward, such that the last person can see the remaining 9’s
hats, the second to last person can see the remaining 8’s hats and so on. No one can see
his or her own hat.

The aliens then proceed, starting from the last person, to ask each of the abductees
what the color of their hat is. If the guess is correct, that human survives; else the
opposite happens.

Assuming the abductees are given a chance to develop a strategy before they are
lined up and questioned: what is the optimal strategy they can utilize (i.e. the one with
the highest expected number of survivals)?

During the questioning, the abductees are not allowed to say anything besides their
guess for the color of their hat when it is their turn.

Solution (of user Ice-9|from StackExchange). Answer: The optimal strategy will always
ensure 9 survivals, and will have a 50% chance of the 10th survival.

The first guy would count the number of hats before him of a particular color, for
example purple. If the count of purple hats is odd, then he would say that his hat is
purple; otherwise he would say that it is green. So the next guy should then be able to
determine the color of his hat by counting parity of the remaining purple hats. And so
do the remaining guys.

But the first guy has no way of knowing his own hat color, so he has got a 50/50
chance of dying either way. O]

1.7 Graphs

Problem 1.23 (from |AoPS)). Given n cubic polynomials such that each polynomial has
three distinct roots. Let S be the set of roots of the equation Py (z) - Pa(x)--- P,(x) = 0.
It is known that for 1 <1i < j <n, Pj(x)P;(z) has exactly 5 distinct roots.

(a) Prove that if for every distinct elements a,b € S, there exists a unique index
i€ {1,2,...,n} such that P;(a) = P;(b) =0 then n =T7.

(b) Prove that if n > 7, then |S| = 2n + 1.

Solution (from |AoPS). First, we reformulate the problem into a hypergraph setting:
Let H = (S,€) be a 3-uniform hypergraph so that |£| = n and for any distinct
El,EQ € £ holds |E1 N E2| =1.

(a) Prove that if for every distinct a,b € S there exists a unique hyperedge E € £ with
a,be FE, thenn =717.

(b) Prove that if n > 7 then |S| = 2n + 1.

(a) Double count the number of pairs (v, {E1, E2}) for v € S and distinct hyperedges

. n degv
El,EQGSWIthU:ElﬂEQtOget (2>:Z( &

5 ) (since for each vertex
ves
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d
v € S there are ( ng U) pairs of hyperedges intersecting through it). Then, double

count the number of pairs (v, E') where v € S and v € E € £ to get Z degv = 3n.
veS

On the other hand, double counting the number of pairs ({u, v}, F) where u,v € S
S
and u,v € E € £ we obtain (|2|> = 3n (since for each pair of distinct vertices

u,v € S there is a unique hyperedge through u, v). It follows that Z degv = 3n =
veS

1
(|§|) so for the vertex w € S of maximum degree holds degw > m(fl) —
[S1=1

. However, since any two hyperedges have intersection exactly one, for any

2
distinct Ey, Es € € passing through w the two-element sets E; \ {w} and E \ {w}
are disjoint. Thus, if Ey, ..., E,, are the edges through w where m = degw then S
contains the disjoint union

{w U (BEx \{w}p)U--- U (En \ {w})

Sl—1
whence |S| > 1+2m > 1+2.L

5] -

the vertex degrees should be equal. Thus

()-()-2 (%) -s(5)

[SI0ST=DAST+2)(AS1 = 3) _ [SI0S] = DS =3)
72 8

= |S|. This means that the maximum vertex

|51~
2

so all

degree is degw = . But the sum of all vertex degrees was |5 -

or

1
which means that [S|+2=9 or |S| = 7. At last, n = 3 (‘g’) = T as desired.

We will show that for n > 7 all the vertex degrees except one are exactly one.
Suppose otherwise, that there exist two distinct vertices each of degree at least 2.
They may either be in an edge or not be in an edge.

Suppose they are in an edge. Let these vertices be ug, vg and {ug, vy, w1 } be the edge
containing them (see the left figure). Consider the second edges through ug and vy.
Let them intersect at wy. Let these edges be {ug, vy, wo} and {uy, vy, we}. Consider
any other edge F of the hypergraph. It should intersect the above three. This is only
possible when F is either {uy, v, w;} or E contains a pair from {ug, us }, {vo,v1} or
{wg, w1} (note that these last possible three edges should have a common vertex).
In total we can have only up to 7 edges, contradiction.

Now suppose that the two vertices of degree at least two do not belong to the same
edge. Call these vertices ug and wu;. Let {ug,vo, wo} and {ug, vy, w1} be the edges
through wug (see the right figure). The edges E1, F5 coming out of u; should intersect
each edge coming out of ug but they may not contain ug and should intersect only
in u;. This is possible only when (E; \ {u1}) U (B2 \ {u1}) = {vo,v1, wo, w1 }.
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Moreover, neither {vy,wo} nor {vy,w;} may be subsets of E; or Ey. Thus WLOG
E, = {uy,v1,wo} and Ey = {uy,vp,w1}. Any new edge should contain a pair
from {ug,uy}, {vo,v1} and {wp, wy}. Moreover such edges should have a common
vertex o different from the first six. Thus in total there may be only up to 7 edges,
contradiction (we could even note that the edge {ug, u1, 0} is forbidden in our case
so there may be only up to 6 edges).

Thus all the vertices but one of the hypergraph should be of degree one. The degree
of the remaining vertex v will be degv = 3n — Z degu =3n—[S|+ 1. On the

ueS\{v}
other hand,
n _Z degu)  (degv
2) 2 )\ 2
ues
since the remaining summands are zero. Hence n = degv = 3n — |S| + 1 or

|S| = 2n + 1 as desired.

]

Remark 1.23.1. One may note that the constructions in the second and third paragraphs
of (b) coincide and are the only possible example of the hypergraph sufficing the conditions
of part (a).

Problem 1.24 (from [StackExchange)). Given a p-uniform hypergraph H = (V,€) with
|[V| =n and |E; N Es| <1 for any distinct Ey, Ey € £, prove that

Ié’\sq”_lJ.

plp—1

—1
Solution (using the hint| of user pasthec). Note that degv < Vb—lJ since any two

edges coming out of v have no other common vertex than v. Thus

1 ni|in—1
El =~ degv < — )
€ pz & _p{ J

veV p_l

O

Problem 1.25 (of user john0512 from AoPS). Let G be an acyclic directed graph, with
each vertex initially labeled 1. In a move, the label of each vertex is increased by the
sum of the labels of all vertices pointing to it. This changing is done simultaneously on
all vertices.

Show that there exists a polynomial P with rational coefficients such that, for all
positive integers n, the sum of all labels of the graph after n moves are performed is P(n),
and determine the degree of the polynomial in terms of the graph G.

Solution (of user cosmicgenius from AoPS). Let A be it adjacency matrix, and let 1
be the all ones vector. We need to show that 17(I + A)"1 is polynomial in n (think of
the graph with a loop added at each vertex; its adjacency matrix will be I + A). But A
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is nilpotent with the smallest d such that A%*! = 0 being the length of the longest path
of G, so the result follows by expanding

17(1 + A)"1 = 17 (I+ (T>A+---+ (Z)Ad) 1,

and the degree is d. O]

1.8 Bijection

Problem 1.26 (USA TST 2010 6, from |AoPS)). Let 7" be a finite set of positive integers
greater than 1. A subset S of T is called good if for every ¢ € T there exists some s € §
with ged(s,t) > 1. Prove that the number of good subsets of T" is odd.

Solution (of user gqwerty414 from AoPS). For any subset S of T', define an enemy of S
to be an integer in T' that is coprime to all elements of S. Observe that a good set does
not have an enemy. For any set S, let f(.S) denote the set of all enemies of S. (So, if S
is a good subset, f(S) = @.)

For any two subsets A, B of T', call the ordered pair (A, B) bad iff for any € A and
y € B, ged(z,y) = 1.

It is trivial that the number of these ordered pairs is odd (if (A, B) is a pair, then
(B, A) is a pair, and (&, @) is the only pair of the form (A, A)).

Now, for any subset X of T', the number of bad pairs of the form (X, .5) is equal to
2/ because (X, S) is bad iff S is a subset of f(X).

Since 2/ is odd iff |f(X)| = 0 iff X is a good subset, the above two facts imply
that the number of good subsets of 1" is odd. O
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1.9 Hamming distance

Problem 1.27 (from |AoPS). Let S be a set of n > 2 real numbers. Prove that for any
real number C', the number of subsets of S whose sum of elements is equal to C is less
than 2" /(n + 1).

Solution (of Dragomir Grozev from his blog). Suppose we have some real numbers
(;),2; #0,4=1,2,...,n and consider the sums

Zbifbi, biE{O,l}, 1=1,...,n.
i=1

We want to estimate how many among those sumsets hit a fixed real number c. Suppose

n
Z b;x; = c¢. Then changing any bit b;, 1 = 1,2,...,n we obtain a sum different from c.
i=1
So, for any n-dimensional binary vector b = (by, bs, ..., b,) with corresponding sum equal
to ¢, all the other binary vectors, that differ from b in exactly one bit, have sums not
equal to c. In fact the set of those vectors is the unit sphere around b with respect to the
Hamming distance. Roughly speaking, only one vector among some set of n+ 1 ones can
hit c. If we succeed to partition all 2V binary vectors into such sets, we would estimate
the number of tuples which sum up to c.

We first prove something sharper than the problem claim in case 0 is not in S.
The idea follows the above method, but a bit more complicated to ensure we deal with
nonintersecting spheres.

Let S = {s1, $2,...,5,}. We represent a set A C S as a tuple of bits b = (by,...,by,),

bi € {O, 1} Let
Sl = {b € {O, 1}” : szsz = C} .
i=1

For any b € S’, by A(b) we denote the set of all n-dimensional binary vectors b that
differ from b in exactly one bit which is 0 in b but 1 in . In the same way, let B(b) be
all binary vectors obtained by b by changing a single bit from 1 to 0. Thus,

[AD)] + [B(b)] = n (*)
It’s easy to establish {A(b) : b € S}, respectively {B(b) : b € S’} is a disjoint family of
binary vectors. Hence
ST+ JA®) < 2" and S|+ ) |BB)] < 2n
bes’ bes’
Summing two inequalities and using (*) it yields
2n+1

S <
| ‘_n—l—Z

which is sharper than the claimed one. So, we’ve proved the problem providing 0 ¢ S.

In case 0 € S, we consider S; := 5\ {0}. It holds
2n

Sl < ——

51l n+1

Since |S’| = 2|57], the result follows. O
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1.10 Other Problems

Problem 1.28 (from |AoPS|). A chess tournament is followed by more than one male
participant and more than one female participant. Every pair of contestants played just
once and no game ended with a tie. In the end of the tournament, it is known that for
every participant, the number of male participants that were beaten by him/her is same
with the number of female participants that were beaten by him/her. Determine the
minimum participants from that tournament.

Solution (of user Ibh qys| from AoPS). Suppose there are a males and b females.
Consider all the males: the total number of males they defeat is equal to the total number
of females they defeat. The number of males they defeat is the number of matches between
males, which is @, while the number of females they defeat is the number of matches
between males and females where the males win. Similarly, @ equals the number of
matches between males and females where the females win. This implies that:

ala—1) bb—-1)
2 * 2

Simplifying this equation, we obtain:

=ab

(a—b2=a+b

This shows that the total number of people, a + b, is a perfect square. Now, given that
a > 2 and b > 2, and that when a = b = 2, the equation (a — b)? = a + b does not hold,
this implies that the total number of people must be at least 9. In this case, a = 6 and
b = 3 satisfy the equation (@ — b)* = a + b.
We now construct such a scenario. Let 1, 2, 3, 4, 5, 6 represent the males, and 7, 8,
9 represent the females. Let x > y denote that x defeats y. The match outcomes are as
follows:
1>2,5,6,7,8,9
2>3,4,6,7,8,9
3>=1,4,5,7,8,9
41,589
5>2,6,7,9
6>3,4,7,8
74,8
8>5,9
9%>6,7
It can be verified that this satisfies the conditions. m

Problem 1.29 (St. petersburg MO, 1996, Selection Round, 11th Grade, from AoPS|).
A Young tableau is a figure obtained from an integral-sided rectangle by cutting out its
cells covered by several integral-sided rectangles containing its right lower angle. We call
a hook a part of the Young tableau consisting of some cell and all the cells lying either
to the right of it (in the same row) or below it (in the same column).

A Young tableau of n cells is given. Let s be the numbers of hooks containing exactly
k cells. Prove that s(k + s) < 2n.
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Solution (of user MellowMelon| from AoPS). A straightforward counting argument.
Call the top left corner of a hook the base. Among the s hooks, no two bases can be in
the same row or column since the hook farther up or farther left would have strictly more
cells.

Associate to each of the s hooks its k cells, except double count the base, for s(k+1)
total. Then associate to each pair of the s hooks the unique cell above one of the
bases (same column) and to the left of the other (same row), and double count it, for

2 (;) = s(s — 1) total. This procedure obtains a total of s(k + s) and counts each cell at
most twice, so s(k + s) < 2n. O

Remark 1.29.1 (from the same source). The details of doing the count are motivated
by the equality case where the tableau is a square and the bases lie along the diagonal
containing the top right corner.

Problem 1.30 (from |AoPS)). Prove that for any positive integer m,
2m 3
2m 3am
—1)F = (1™ .
> () o= ()
k=0
Solution (from the post of HoshimiyaMukuro| from AoPS).
Lemma 1.30.1 (Dixon).

S () G (08) = ()

k

F(a,b,c) = Z<—1>k<ZiZ) (212) (21@

k

Proof. Define

Then notice that
(.ZU _ y>a+b<y _ Z)b+c(z _ x)c+a

x2ay2b220

F(a,b, C) — [xOyOZO](_DaerJrc

Using the identity
72 y? 52
+ +
(—yle—2) W—2)y—-z) (-2)z-y)

we derive F(a,b,¢) = F(a—1,b,¢) + F(a,b—1,¢) + F(a,b,c — 1). Meanwhile,

a+b+cy (fat+b+c—1 n a+b+c—1 N a+b+c—1
a,bc ) \ a—1,bc a,b—1,c a,bc—1 )’

Thus, the identity is proved by checking the initial values. O]

=1

Now, inserting a = b = ¢ = m we get

O
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Problem 1.31 (KéMaL A. 759, from |AoPS). We choose a random permutation of
1,2,...,n with uniform distribution. Prove that the expected value of the length of
the longest increasing subsequence in the permutation is at least \/n.

Solution (of user EthanW'Y X2009 from AoPS). For permutation o, let the length of
longest increasing subsequence in o be f(o), the length of longest decreasing subsequence
in o be g(o). By Erdos-Szekeres Theorem f(c)g(o) > n. Note that if o = (0y,...,0,),
and @ = (0,,...,01), then f(o) = g(),9(c) = f(7). Therefore E[g] = E[f]. So

E[f] = E[(f +9)/2] > E[\/fg] > E[Vn] = V.
0

Problem 1.32 (from |AoPS). You are given n integers ay, as, ..., a, such that for each
1 <17 < n, we have
1—n<a; <1—1.

Prove that there exist some nonempty subset of these integers, whose sum is equal to 0.

Solution (of user mofumofu)). Consider a (directed) graph with n vertices labeled
1,2,...,n, and draw an edge from 7 to ¢ — a; for all 4. Since there are n vertices and n
edges, there is a cycle C'. Considering all the vertices on C, we get

Zj:Zj—aj:Zaj:O.

jec jec jec

1.11 Unsolved Combinatorics

Problem 1.33 (from |AoPS). Are there 4k + 2 unit cubes (for some integer k) such that
their vertices have integer coordinates and each of them has a common face with exactly
three of other cubes?

Problem 1.34 (from |AoPS). Suppose n is a positive integer. In a 2n x 2n chessboard,
all square cells are initially white. It is allowed to choose a row or a column each turn
and toggle the color of all cells in that row or column (white turns to black, black turns
to white). After a finite number of operations, the number of all possible configurations
of white cells is f(n). Prove that there exist positive constants ¢, ¢y such that for any

positive integer n we have

2 2

cin Con

m < f(n) <
Problem 1.35 (5.67 from [10]). We are given a collection F of k-element sets with
|F| = m. For any distinct U,V € F holds |[UNV| = 1. Prove that if m > k? — k + 1
then all the sets of F have a common element. Prove that if £ — 1 is prime then exists a
collection of k? — k + 1 sets satisfying the problem’s conditions and which do not have a
common element.

Inlnn’
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Problem 1.36 (XIII International Festival of Young Mathematicians Sozopol 2024,
Theme for 10-12 grade, problem 7, from |AoPS|). The positive integers from 1 to n are
arranged in a sequence, initially in ascending order. In one move, we can swap the posi-
tions of two of the numbers, provided they share a common divisor greater than 1. Let s,
be the number of sequences that can be obtained with a finite number of moves. Prove
that s, = a,!, where the sequence of positive integers (a,),>1 is such that for any § > 0,
there exists an integer N, for which for all n > N, the following is true:

—1+5 o< <—1—5 -
" 2 logn o =10 2 logn’

Problem 1.37 (ENS, from|AoPS)). Let (X, ;)i<; and (Y] ;)i<; beii.d. families of Bernoulli
variables of parameter % We can see them as a construction of a random graph whose set
of vertices is N. What is the probability that there exists a function f, random, bijective
of Nin N, such that Vi < j, Yj; = X4 5;) 7
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2 Combinatorial Geometry

2.1 Graphs

Problem 2.1 (Oriol Solé, from AoPS). Let S be a set of n points in space such that
no four of them lie on the same plane. Let T be a set of n? triangles with vertices in S.
Show that there are two triangles of 7" which share an inner point.

Solution (from AoPS)). We shall prove that the problem statement holds even in case
when T contains only n? — 3n + 1 triangles for n > 6.

Let k, denote the number of triangles in T" with vertex v € S. Double-count the
number of pairs (¢,v) where t € T is a given triangle and v is its vertex: 3(n> —3n+1) =
Z k,. Thus exists a point v € S with

ves

3(n*—3n+1)
n

k, > [ —‘ =3n — 8.

For ¢ > 0 consider the sphere H. with center v and radius €. For small enough ¢ the
sphere H, intersects all the segments going out of v. Let V' be the set of these intersection
points. Also for small enough ¢ the intersection of H. with every triangle going out of v is
a continuous line (moreover it is a geodesic on H.). Let E be the set of this intersections.
Define the graph G = (V, E). We need to prove that some two edges of G intersect in
a point other than a vertex, i.e. that G is not planar (don’t be confused by the term
planar; though G lies on a sphere, it can well be a planar graph). In fact, |V| <n —1 so

|E| =k, >3n—8>3|V|—6

which proves that GG is not planar and has two intersecting edges, which correspond to
two triangles in T coming out of v with intersecting interiors. O]

2.2 Double Counting

Problem 2.2 (from |AoPS)). Given 100 points on a plane with no three collinear. Show
that at most 70% of the triangles, whose vertices (distinct) are chosen from the given
points, are acute-angled.

Solution (from the posts of users |Ravi B and remark on AoPS). Let A(n) be the
maximum number of acute triangles among n points. For example, A(4) = 3. Consider
n > 4. Notice that the maximum number of acute triangles is simply equal to A(n — 1)
multiplied by the amount of (n—1)-element subsets of the n points, divided the number of
ways of choosing n — 1 points including a given 3 points (representing an acute triangle).

Thus, we have
An—=1)( n n
An) < ———=~ = —— An-1
(n) < (") (n - 1) a3 A1)

Dividing by (g) we see that this is equivalent to ?(3) < ’?(n”fli). From that inequality, we
3

n

3

first get A(5) <7 and then ‘?Efs) < 0.7 for n > 5. O
3
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Problem 2.3 (from AoPS). Given a set S of n points in plane. Prove that there exists
at least \/n points in S such that no three are vertices of an equilateral triangle.

Solution (of user puzld from AoPS). Let E be the maximum set of points with the
desired property. Then each point in S/E must form an equaliteral triangle with at least
one segment formed by two points in S. Otherwise, we could simply add that point in F
and increase its cardinality by 1, thereby contradicting its maximality. Hence, since each
segment in F can be a member of at most 2 equaliteral triangles this inequality must
yield true:

E E
2<|2’> > |S/E|<:>2(’2|) >n—|E| & |Ef —|E| >n—|E| & |E* 2 n< |E] > V.

]

Problem 2.4 (Japan TST 2018 P4, from |AoPS|). Let n > 3 be a positive integer. S is
a set of n points on the plane, with no three collinear. L is the set of all lines passing
through any two points in S. For any ¢ € L, the separating number of ¢ is the product
of the number of points in S in the two sides of ¢, excluding the two points on ¢ itself.
Determine the minimum possible total sum of all separating numbers.

Solution (of user Rickyminer|from AoPS). Use Iverson notation.

Z separating number (/)

teL

= Z separating number(AB)
{A,B}CS

= Z Z | C, D are on the different side of AB |
{A,B}CS {C,D}CS—{A,B}

= Z Z | segment C'D intersects with line AB |
{A,B}CS {C,D}CS—{A,B}

= Z Z | segment XY intersects with line Z7 |

{A:Bzch}CS {X,Y,Z,T}:{A,B,C,D}

> Y 2

{A,B,C,D}CS

)

where the inequality (%) can be proved by direct check. The equality holds when each
four-point tuple forms a convex quadrilateral, or all n points form a convex n-gon. [

Problem 2.5 (Radu Gologan, from |AoPS)). Let n > 2 be a positive integer. On a table
of area one there are 2n pieces of paper, which can have any shape, whose areas add up
to n. The pieces of paper are completely contained within the table’s surface. Prove that
one can find two pieces of paper whose intersection has an area of at least

-2
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Solution (of user hyay from AoPS). We will prove a slightly stronger claim: there are

. . . n — . .
two pieces of paper whose intersection has an area of at least 5 which is greater

n —_
1 1 -1
than — |1 —— | = n .
4 n 4in
Label each paper differently with a number from 1,2, ..., 2n. Draw the boundaries of

each piece of paper (and the table itself) on the table and divide it into regions according
to those boundaries. Denote these regions by Aq, A, ..., Aj.

Let S; be the area of the region A;, and P; be the set of all labels of papers overlapping
with that region (possibly empty). Let d; = |P;].

A; i (
3
/ 4 In this example,

An example for n = 2.

k
By definition, we have Z S; = 1. Since every region A; is contained in exactly d;

i=1
papers, and every paper is the union of some of the regions A, A, ..., Ag, then
k
Z d;S; = total area of all 2n papers = n.
i=1

2
Let X, 5 be the region of intersection of papers a and b, where a < b. There are ( 271)

such regions, and every region X, is also the union of some of the regions Ay, As, ..., Aj.
Notice that for each i, the region A; is contained in X, if and only if {a,b} C P,.

d; : : d;
Hence, A; is contained in exactly <2> regions of X,, since there are <2> ways to

choose a pair of labels from the set P;.
Let S be the sum of all the areas of regions X, ;. Then,

S = dis—lkcﬁ dS—ldeS n
=3 (5)s =52 - ws =53 s

=1

By Cauchy-Schwarz,

k k k 2 k
(Z d§5i> (Z Si> > (Z d@») = ) diS; >n”.
i=1 i=1

i=1 i=1
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n? —

2
Principle, there exists at least one region X, ; with area at least

Hence, S >

n
Since there are 5 regions of X,;, then by the Pigeonhole

S n®—n n—1

&9 = 2n(2n —1)  4n—2

2.3 Delaunay Triangulation

Problem 2.6 (from AoPS|). Given n > 4 points in a plane, such that no three points are
collinear and no four points are concyclic, let f(n) be the number of unordered pairs of
points in S such that there exists a circle containing these two points, whose interior or
boundary does not contain any other point in S. Prove that f(n) < 3n — 6.

Solution (sketch of a solution| of user Ali3085 from AoPS). Consider the graph G on
n vertices with an edge between P, Q iff (P, Q) is such pair. Note that G is planar so
f(n)=FE <3n—6. O

Problem 2.7 (239 MO 2024 S8, from AoPS|). There are 2n points on the plane. No
three of them lie on the same straight line and no four lie on the same circle. Prove that
it is possible to split these points into n pairs and cover each pair of points with a circle
containing no other points.

Solution (using the post| of user dgrozev from AoPS). Use Delaunay triangulation to
obtain a triangulation with a very special property — the circumcircle of each triangle
contains no other points among the given ones except its three vertices. A result due
to Dillencourt asserts the existence of perfect matching in Delaunay triangulation of an
even number of points. Each of the circles can cover only one edge of the matching and
eventually a vertex from another edge. Then slightly move each circle appropriately. [

Problem 2.8 (Miklés Schweitzer 2002, from |AoPS)). Prove that there exists an absolute
constant ¢ such that any set H of n points of the plane in general position can be coloured
with clogn colours in such a way that any disk of the plane containing at least one point
of H intersects some colour class of H in exactly one point.

Solution (from [2]). We will use Delaunay triangulation and, in particular, its following
property.

Proposition 2.8.1 (property of Delaunay triangulation). Let P be a set of points on
the plane in general position. If a,b € P and there exists a circle that passes through
a and b and has no other points of P in its interior, then ab is an edge of the (unique)
Delaunay triangulation of points P.

This property also implies that if two vertices x,y € P are not connected in the
Delaunay triangulation then any circle through x,y contains a point of P in its interior.

We will color the points using the following algorithm. Initially, we set P := H and
repeat the following procedure.
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e Construct the Delaunay triangulation of the points in P and let the corresponding
planar graph be G(P). Since G is a planar graph its vertices P can be colored in 5
colors so that no two of the same color are connected. One of the colors is used for
a set P’ C P of at least |P|/5 vertices. Clearly, no two points of P’ are connected
by an edge. We color all the points of P’ in a color not yet used.

e Further, we set P := P\ P’ and repeat the procedure till P’ # &.

For the brevity of explanation, we may assume that at each step, after coloring
the points in P’, we delete them temporarily. Let D be an arbitrary disk containing at
least one point of H. We prove that there is a uniquely colored point in D. Visualize
the process of how points in H disappear in groups. We must prove that there is only
one remaining point in D just before it vanishes. This would imply that this point is
the uniquely colored point. Suppose, for the sake of contradiction, that a set of points
P C H, |P'| > 2 is removed and after that there is no point left in D. Let us denote
the set of points just before the removal of P’ as P, thus P’ C P and there is no point of
P\ P’ that is in D. It is easy to see that we can construct a disk D’ C D such that there
are no points of P’ in its interior and there are at least two points, say x,y, of P’ on its
boundary. There is also no point of P\ P’ inside D', since they lie outside D. According
to the property of Delaunay triangulation, x and y must be connected in the Delaunay
triangulation of P, which is contradiction.

It remains to count the number of colors used. At each step, we color at least |P|/5
points of P and the uncolored ones are at most §|P|. That is, we finish after at most
logs s n < 4logy n steps. O

2.4 Probabilistic Method

Problem 2.9 (from AoPS)). Given 2n points and 3n lines on the plane. Prove that there
is a point P on the plane such that the sum of the distances of P to the 3n lines is less
than the sum of the distances of P to the 2n points.

Solution (sketch of a solution| of user Pathological on AoPS). Let () be an arbitrary
point in the plane, and consider a circle €2 centered at () with radius R for some arbitrarily
large R.

As R is sufficiently large, th2e average distance from a point of ) to any of the lines is

2
approximately R - — because |sin z|dz = 4. Also, the average distance from a point
T

=0
of Q) to any of the points is approximately R. So for sufficiently large R, we are done. [

Problem 2.10 (Korean Summer Program Practice Test 2016 8, from |AoPS). There are
2n points on a plane in a general position. Prove that there exists a matching on them
with no self-intersections whose total length is at least % of total length of the longest
matching.

Solution (of user v Enhance| from AoPS). Color blue the longest matching, say of
length L. Take a projection in a uniformly random direction; suppose this gives us points
Ay, Ag, ..., Ay, in that order. Let P; be the point above A;.
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1_ 2 |
A Ay As Ay As Ag

Call ¥ the sum of the lengths of the blue projections. It’s well-known the projection
of a segment of length ¢ has average length %E. So

E[X] = ~L.

™

So we will take any projection for which » > %L; one must exist. In any case,
Y < AjAgn + AgAgp 1+ + Ap A (1)

We now construct a matching with no intersections whose length is at least the right-
hand side of (f). Over all matchings of {Py,..., P,} to {Pui1,..., Py}, take the one
with shortest length. The minimality guarantees it has no self-intersections. However,
the sum of lengths of the projection is exactly the right-hand side of (}). This solves the
problem. O

Problem 2.11 (IMO 1992, Day 2, Problem 5, from AoPS|). Let S be a finite set of
points in three-dimensional space. Let S;, Sy, S, be the sets consisting of the orthogonal
projections of the points of S onto the yz-plane, zx-plane, zy-plane, respectively. Prove
that

|S1* < 18a] - ISyl - [S-],

where |A| denotes the number of elements in the finite set A.

Solution (of user |grupyorum| from AoPS). We will use information-theoretic tech-
niques, and in particular Han’s inequality (subadditivity of entropy). That is, if X,V
and Z are random variables and H(X,Y, Z) denotes their joint entropy (for couples H is
defined similarly), then

H(X,Y)+H(X,Z)+ H(Y,Z)>2H(X,Y, Z).

Consider n-points in the space and the uniform distribution over them. Let (XY, 7)
be the joint random variable describing the coordinates of a single point. Using the
entropy of a uniform random variable, we have, H(X,Y, Z) = logn. Next, let ny, ny and
ng be the cardinalities of the sets obtained via projecting these n-points onto yz, zz, and
xy-planes, respectively.
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Then, clearly, H(X,Y) <logns, H(X,Z) <logns, and, H(Y,Z) < logn4, since, a
uniform distribution achieves the maximum entropy. Now, observe what we have:

logn® =2H(X,Y, Z)
<HX,)Y)+H(X,Z)+ H(Y,Z)
< logny + logns 4 logng

= log ninons

whence n? < nynsns as needed. O

2.5 Lattices

Problem 2.12 (St. Petersburg MO, from |AoPS). A convex 2n-gon has its vertices at
lattice points. Prove that its area is not less than n?/100.

Solution (of user Fedor Petrov)).

Lemma 2.12.1. For any convex n-gon F' with perimeter P some three vertices of F' form
a triangle of area at most 7P?/n?.

Proof. Let ay, as,...,a, be the sidelengths of ' and «; be its external angles. Then
2S5; = a;a;41 sin ; equals to the area of a triangle formed by three consecutive vertices of
F. So, by using sinz < z, AM-GM and ) «; = 27 we get

TT5) < [[e o < ((g)%ﬂ)

Hence there exists j such that 25; < 27 P?/n3. O

Lemma 2.12.2. For any convex n-gon F' of area S there exists an affine transformation
T € SL(2,R) (i.e. an affine transformation which preserves the area) such that 7'(F') has
perimeter at most 4/25.

Proof. Consider the support lines to F' parallel and orthogonal to its diameter (diameter
is the segment between two most distant points of F'). They form a rectangle of area at
most 25. Choose T such that T" maps this rectangle onto the square of the same area.
Such T is the desired map. n

Combining the lemmas we see that for any convex n-gon of area S we may find three
of its vertices which form a triangle of area at most 327S/n?. For an n-gon with integer
coordiantes this area may not be less then 1/2, so S > £~. O]

2.6 Colorings

Problem 2.13 (Polish MO Recond Round 1986 p3, from |AoPS)). Let S be a sphere
cirucmscribed on a regular tetrahedron with an edge length greater than 1. The sphere
S is represented as the sum of four sets. Prove that one of these sets includes points P,
(@ such that the length of the segment P(@) exceeds 1.
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Solution (from AoPS). We will denote by [F] the area of spheric figure F.

Inscribe a regular tetrahedron ABC'D in the sphere and let O be its center. Let 24 be
the sphere with center A passing through B, C| D; similarly define (25, Q2. These spheres
intersect S through the blue circles in the figure. Their smaller arcs (electric blue) form
a spheric triangle Ay (with its interior) no two points of which lie on a distance greater
than 1. Note that any subset of S not contained in a copy of A, contains two points
apart more than 1.

Consider the green circles with center O passing through B and C, C' and A, A
and B. Their smaller arcs (light green) form a spheric triangle A;. Note that due to
symmetry S can be covered by exactly four copies of A;. Also note that Ay C Ay, so
[Ao] < [A1] = [S]/4-

Now suppose that S is partitioned into the sets Sy, S1, 52,55 and contrary to the
problem statement no one of them contains two points at distance more than 1. But
then each S; can be covered by a copy of Ay, whence [S] < 4[Aq] < 4[A;] = S. This
contradiction finishes the proof. m

2.7 Coverings

Problem 2.14 (from |AoPS). Let D be a collection of open disks in the plane which
cover a region K. Prove that there exists a collection D' C D of disjoint disks, which,
being dilated by a factor of three with respect to their centres, cover the region K.

Solution (of user oVlad| from AoPS). To each non-intersecting collection F C D of
disks, we associate a non-increasing sequence sx formed by the radii of the disks in F.
We then order these sequences in lexicographical order. We claim that a collection F for
which sz is maximal in this lexicographical order, ties broken arbitrarily, is satisfactory.

Assume otherwise. Then, there exists a point P € K which is not covered by any
dillation of factor 3 of any disk in F. That is, for any D € F of radius r and centre O
we have OP > 3r. Now, consider a disk Dy € D which covers P. Let 7/ C F be the
(possibly empty) collection of disks in F intersected by Dy.

Let O be the centre and r be the radius of Dy. Choose any disk D; € F’ with centre
O; and radius r;. Since Dy covers P we know OP < r. Additionally, since Dy and D;
intersect, OO; < r + r;. Lastly, as we’ve mentioned, O; P > 3r;. By using the triangle
inequality, it follows that r > r;. Recall that this holds for any disk D; € F.

Consequently, the collection F = (F \ F') U {Dy} is non-intersecting. Because the
radius of Dy exceeds those of the disks that we’ve removed, it also follows that sz > sz
which is a contradiction. To conclude, F is, indeed, satisfactory. O

2.8 Extremal Principle

Problem 2.15 (Polish MO Recond Round 1982 p4, from |AoPS)). Let A be a finite set of
points in space having the property that for any of its points P, () there is an isometry of
space that transforms the set A into the set A and the point P into the point (). Prove
that there is a sphere passing through all the points of the set A.

Solution (from |AoPS)). Consider the smallest sphere S containing the set A (in its
interior or on its border). Then there is a point P € A which lies on S. Suppose that
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there is a point Q € A which does not lie on S. Consider the isometry sending @) to P
under which A is invariant. Then S is invariant too. But this means that the set A, after
being rotated around the center of S, is invariant. In particular the point @ ¢ S is sent
to the point P € S under this rotation, which is absurd. Thus A C S as desired. n

Problem 2.16 (from AoPS)). Call a set of four distinct points A, B, C, D on the plane
exotic it AB-CD = AC - BD = AD - BC. Does there exist a set of five distinct points
on the plane such that any four of them are an exotic set?

Solution (from |AoPS)). No there are no such five distinct points on the plane. Suppose
there is a set .S of such points A, B, C, D, E. Then each two of these points are the two
isodynamic points of the triangle formed by the remaining three points.

Recall that if U,V are the isodynamic points of XY Z then they are inverse in the
circumcircle €2 of XY Z. It follows that either U = V' € Q or one of them lies inside {2
and the other lies outside (2.

Suppose that C := conv S is two-dimensional, i.e. non-degenerate convex polygon.
Then there is a circle w passing through three vertices of C such that no point of S lies
outside it. WLOG w passes through A, B,C. Since D, E are the isodynamic points of
ABC' and none of them lies outside w, they should lie on w and coincide which is a
contradiction by D # E.

Thus C is one-dimensional, i.e. a segment. But this is impossible too since for any
collinear points A, B, C' the isodynamic points of degenerate triangle ABC' do not lie on
that line and are symmetrical in that line. This contradiction finishes the proof. O

Problem 2.17 (from AoPS). Four points are given inside a square of unit side length.
Is it true that two of them are less than 1 apart?

Solution (from |AoPS)). Yes, two points will be less than 1 apart. Let O be the square’s
center. Two of the given points are visible from O in an angle no more than 90°. Take
P on the border of the square so that OP contains one of these points and take () again
on the border of the square so that ZPOQ = 90° and the second point lies inside or on
the border of the angle POQ). Let the sides of the square containing P and () meet at A.
Then the two selected points lie inside or on the border of the circle OPAQ with diameter
PQ so their distance does not exceed P() < 1. However these two points cannot coincide

with vertices of the square so their distance is less than 1. O
@)
Q
[}
i A

Problem 2.18 (of user EpicNumberTheory| from AoPS). n photographers are par-
ticipating in a photography competition. They are assigned fixed arbitrary positions in
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a plane from which they will click a photo. The camera has 90 degree range. The winner
is the photographer who got most people strictly in the photo. Determine the minimum
number of people in the photo of the winner for each n.

Note: collinearity doesn’t matter, i.e. if the photographers A, B, C lie in this order
on a line then A can click both B and C also if ZBAC = 90° then again A can click
both B and C'.

1
Solution (from AoPS). Answer: [%—‘ forn > 3, else n—1. For n € {1, 2} everything

is trivial so assume n > 3.

Bound. Let the photographers form the set S C R% If conv S is a segment then
the photographer standing at its endpoint will capture all the remaining n — 1 so assume
otherwise. Consider the smallest circle w containing S which passes through at least three
distinct A, B,C € S. Let the angle at A in AABC be the greatest. Then the diameter
AD from A has B and C' in its different sides. Suppose that there are m points of S that
belong to AD (m > 1 since A € AD). Then in one side of AD, WLOG in the side of C,

n
there are at least {

mw points of S. But then the photographer B can capture all the

- 1
points in the (closed) angle ABD, in total at least [n 5 m—‘ +m = [n —; m—‘ > PL; —‘ .

Construction. Arrange the photographers in the vertices of a regular n-gon. Then
n+1

any of the photographers is able to capture only 5 others since the borders of the
camera’s span intersect w (the circle passing through the photographers) in the endpoints
of a diameter. O

Problem 2.19 (IV All-Ukrainian Tournament of Young Mathematicians, Qualifying p9,
from |AoPS)). Given a convex body in space. Prove that four points can be marked on its
surface so that the tangent plane to the surface at any of these four points is parallel to
the plane passing through the other three.

Solution (from AoPS). Let P C R? be the given convex body. Let ABC'D be a tetrahe-
dron of maximal volume inscribed in P (it exists in force of Weirestrass’ theorem). Then
the vertices of ABC'D are the desired points.

Indeed, let 7 be the plane parallel to ABC' and tangent to P lying in the same side
of ABC as D. Take D' € m NP (the/a touchpoint of 7 and P). Then if D’ # D we
would reveal a tetrahedron ABCD’ of larger volume in P. Hence D' = D. Similarly the
tangent planes to P at A, B, C are parallel to their opposite faces in ABCD. n

2.9 Other Problems

Problem 2.20 (2014 Russian IX Southern Tournament, Premier League Math Fights,
Finals p3, from |AoPS)). 60 points are marked inside the unit circle. Prove that there is a
point on the circumference of this circle, the sum of distances from which to the marked
points does not exceed &80.

Solution (of user Marinchoo| from AoPS). Take three points P;, P, P3 on the circum-
circle such that they form an equilateral triangle. Note the sum of the distances from
the three points to the 60 points as S. For any point X on the circumcircle, note that
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the sum of the distances from the three points to X is at most 4 because by Ptolemy’s
theorem this sum is equal to twice the longest segment, which is at most 2 (the diameter
of the unit circle). Thus S < 60 x 4 = 240. On the other hand by pigeonhole principle
one of the three points has a sum of distances to the points which is < %0 = 80. O]

Problem 2.21 (Polish MO Recond Round 1990 p2, from |AoPS)). In space, a point O and
a finite set of vectors o7, ..., v, are given. We consider the set of points P for which the

vector O? can be represented as a sum a1 0] + ...+ an v, with coefficients satisfying the
inequalities 0 < a; <1 (i =1,2,...,n). Decide whether this set can be a tetrahedron.

Solution (from |AoPS|). We will prove that the point M, which is the end of the vector
— 1
OM = S(v1 + -+ )

is the center of symmetry of the considered set W. Let us assume that P € W. Therefore,
the vector O? allows the representation

OP=a 0l +-+aym, 0<a;<1 (i=1.....n).
Let ) be the end of the vector
O‘C>2:(1—a1)v—1>+---+(1—an)ﬁ.

The numbers 1 — a; also lie between 0 and 1, so the equality

1 1 1 —

§(W+O@) :§U_{+---+§ﬁ=OM
holds. That is, M is the center of symmetry of the set W. A tetrahedron does not have
a center of symmetry. Therefore, the set W cannot be a tetrahedron. O]

Problem 2.22 (Ilya Bogdanov, Kvant M2153, from |AoPS). Sum of the solid angles of a
convex polyhedron equals to m. Prove that there is a closed path along its edges, passing
through each vertex exactly once.

Solution (from [6]). Let M be the polyhedron. Consider a sphere of unit radius with
center O. Draw planes through O parallel to the faces of M; they will partition the sphere
into several regions Kj, ..., K, (note that for each region there is another one symmetric
to it in O). Now, if we transfer a vertex A of M to O (obtaining an angle S,) then the
part of the sphere lying in it will be union of several of K;. Mark this parts, as well as
the parts symmetric to them in O (i.e. lying in the centrally symmetric angle S).

Do so for each vertex of M. Now we will count the number of times ¢; that we marked
K;. In other words, t; is the number of polyhedral angles where K; or its symmetric in
O are contained. Then the sum of the solid angles of M will be

S(M) = 5 Y6

where S(K;) is the area of K; (the multiplier % appears because each solid angle was
counted twice).
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Consider a point 7' lying in the interior of K;. Note that T'O is not parallel to any
face of M (since otherwise 7" would lie on the border of the region). Draw a plane «
perpendicular to T'O and project M on it. the projection would be a convex polygon N.

Consider a vertex A of M. Draw a line through it. If that line intersects M through
a segment then the projection 7(A) of A lies inside N. If that line intersects M only
through A then 7(A) is a vertex of N. Thus the following claim is proved:

Proposition 2.22.1. t; equals to the number of vertices of M whose projection lies in the
interior of N. The projections of the other vertices of M are the vertices of N. Moreover
the edges of N are the projections of edges of M.

Now back to the problem. If we mark all the polyhedral angles of M on the sphere
then the total area of the marked regions is 27 < 47. Thus some point 7" of the sphere
will not be marked. Then projecting M on a plane perpendicular to OT we will get a
convex polygon N. Its border will be the projection of the desired Hamiltonian cycle on
M. O

Problem 2.23 (IMO Longlist 1992, from [AoPS)). The colonizers of a spherical planet
have decided to build N towns, each having area 1/1000 of the total area of the planet.
They also decided that any two points belonging to different towns will have different
latitude and different longitude. What is the maximal value of N7

Solution (of user ochal and from the post of user FairyBlade on AoPS). Suppose the
maximum and minimum latitude of some town is given by points /5, and ¢,,, then no
other town can intersect the band of width w = |[¢3//,,|. The surface area of this band
is proportional to it’s width, i.e. A = 27rw, where r is the radius of the planet. If the
most easterly and westerly points of the town subtend an angle 6 with the center of the

0
sphere, then they chop the latitudinal band into an area of — A = rfw. Now the town

7
must be completely within this square(ish) area and no town can enter the latitudinal or
longitudinal bands that define the town.

Let {w;}Y, be the widths of longitudinal bands made by the towns, and let {6},

be angles which represent width of the longitudinal bands of the towns. Then Z w; < 2r

(2

So by Cauchy-

47r?

1000

and Z 0; < 2w and the area of town 7 is at most 4; = r6,w; =

Bunyalkovsky—SChwarz

o () (29 () ()

Therefore N < /1000 so max N = 31. Construction is easily implied from the bound
as you just take the proportion of longitude and latitude and make ‘rectangular’ regions
with the exact area, and by construction they are not on the same latitude/longitude. [

2.10 Unsolved Combinatorial Geometry

Problem 2.24 (from AoPS). Suppose 2017 points in a plane are given such that no
three points are collinear. Among the triangles formed by any three of these 2017 points,
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those triangles having the largest area are said to be good. Prove that there cannot be
more than 2017 good triangles.

Problem 2.25 (Baltic Way 2024, Problem 15, from |AoPS)). There is a set of N > 3
points in the plane, such that no three of them are collinear. Three points A, B, C in the
set are said to form a Baltic triangle if no other point in the set lies on the circumcircle
of triangle ABC'. Assume that there exists at least one Baltic triangle. Show that there

exist at least 3 Baltic triangles.

Problem 2.26 (from AoPS). A plane has a special point O called the origin. Let P a set
of 2021 points on the plane such that points of PU{O} lie in general position. A triangle
with vertices in P is fat, if O lies inside that triangle. Find the maximum number of fat
triangles.

Problem 2.27 (Miklés Schweitzer 2004, from |AoPS)). Prove that there is a constant
¢ > 0 such that for any n > 3 there exists a planar graph G with n vertices such that
every straight-edged plane embedding of G has a pair of edges with ratio of lengths at
least cn.

Problem 2.28 (Ilya Bogdanov, 42nd International Tournament of Towns, Senior A-Level
P7, Spring 2021, from |AoPS)). An integer n > 2 is given. Peter wants to draw n arcs of
length « of great circles on a unit sphere so that they do not intersect each other. Prove
that

a. for all & < m+ 27 /n it is possible;
b. for all & > 7 4 27w /n it is impossible;

Problem 2.29 (University of Michigan Undergraduate Math Competition 2012 P10,
from |AoPS)). A room has the shape of a, not necessarily convex, n-gon. For each n > 3
find the smallest positive integer k£ such that, regardless of the shape of the room, k
lights can be placed in the room such that at every position in the room, at least 1 light
is visible.
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3 Geometric Inequalities

Problem 3.1 (Russian Festival of Young Mathematicians 2005, Seniors 4.8, from |AoP§)).
Prove that if the distance from a point inside a convex n-hedron to each of its vertices does
not exceed 1, then the sum of the distances from this point to all faces of the polyhedron
is less than n — 2.

Solution (from AoPS). Let O be the point inside the given polyhedron P. Let S be the
unit sphere with center O. We denote by d(X, Q) the distance from the point X to the
plane of the polygon Q.

Consider any face f of P. The plane of f intersects S through a circle o¢. Let €2
and Q’f denote the solid angles with apex O of the cones with bases f and o, respectively.
According to the spherical caps’ area formula we have

/

’ Qf
0 =2m(1-d(0, /) = dO0,f)=1--1.

Thus by summing over all the faces of P we get

where we used that 2y < Q’f and Z Qp = 4. O]
f

Problem 3.2 (Marius Olteanu, Recreatii Matematice 2/2019, from |AoPS)). Let M be a
point inside the tetrahedron A;A;A3A4. The planes M A, A; intersect the edges A;A; at
the points A;;, where {i, 7, k,l} = {1,2,3,4}. We denote by V' the volume of A;A;A3A,,
by V; the volumes of A;A;; A Ay , where {i,j,k, [} = {1,2,3,4}, and by V{ the volume
of the polyhedron A12A13A14A23A24A34. Prove that V% 2 32 ‘/1‘/2‘/3‘/;1

Solution (from AoPS). Actually we will not use the condition that the planes A;A;Ay
pass through a point where {7, j, k, 1} = {1,2,3,4}. The points A;; are chosen arbitrarily
on the edges A;A; throughout the solution.

Denote A;A; = b;; = bj; and A;A;; = a;; for i, 7 € {1,2,3,4},7 # j (note that a;; and

aj; are different). We have 1} = MV and soon. Also Vo =V - V| — Vo — V3 —V,.
b12b13b14

Hence our inequality reduces to

12413014 A21G23024 431032034 41042043 >3 \/Hi;éjaij
bi2b13b14 b21b23b24 b31b32b34 barbazbazs —  D12b13D14ba3bosbsy

<= bi2b13b14ba3bosbzs > Z ;@i it (@i +ag; ) (ar+ag) (a+aj)+32 /Haij-
i#£j

{i7j7k7l}:{1’27374}

This becomes clear after expanding [[b;; = [[(ai; + aj;) and using AM-GM:

1

b12b13014b23b24b34 = Z aijinti(aje + arj)(ar + aw)(ay + aj)+
{i,j ke 1}={1,2,3,4}

+ Z ajiagay(aje + arg)(aw + aw)(a; + ajr) >
{15k} ={1,2,3,4)
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> Z aiaikai(aje + arg)(ar + ar) (@ + a;)+
ikl ={1,2,3,4}

+ g 80Uk A1/ Aj Ak AR Qg Qa0 >
{i7j7k7l}:{1727374}

[[a-1Taw

i#] i#]

Z Z aijaikail(ajk + akj)(akl + alk)(alj + (Ijl) + 32 4
{i,7,k,1}={1,2,3,4}

as wanted. O

Problem 3.3 (Dorlir Ahmeti and Alexander Gunning, from |AoPS|). Show that for any
cyclic hexagon ABCDFEF we have:

VAD -BE -CF >Y/AB-CD-EF +/BC-DE -FA

with equality if and only if the lines AB, C'F, DE are concurrent or parallel; BC, AD, EF
are concurrent or parallel and CD, BE, F'A are concurrent or parallel.

Solution (from AoPS)). For easy notation we write AB = a, BC' =0, CD = ¢, DE = d,
EFEF=¢ FA=f, AC=p,CE=q, EA=7r, AD =u, BE =v and CF = w. We want

to prove
Vuvw > ace + 3/ bdf .

Using Ptolemy’s theorem on the cyclic quadrilaterals ABCE, CDEA and EFAC we
have the following equalities

aq+br =pv,er +dp = qu and ep + fq = rw.

Multiplying all three equations and applying Holder’s inequality we find that

3 3
pgruvw = (aq + br) (ecr + dp) (ep + fq) > (?/acepqr + v/ bdqur) = pqr <\3/ace + 5 bdf> .

Dividing both sides by pqr we obtain

ww > (WJr{’/@)g#WZWJrW
as desired. Holder gives us equality iff
aqg:cr:.ep=>br:dp: fq.
Since we have aq + br = pv, cr + dp = qu and ep + fq = rw, equality holds iff

ag:criep=>br:dp: fqg=pv:qu:rw.
From this we can easily find

p*  cf aw r?  ad eu

—=—=—%c0waf=awd N —=—=— & awd =bue &
qr de ev pq  bc  cw
awd = bue = cvf.
Hence the equality holds iff AB-CF-DE =BC-AD-EF=CD-BE-FA.
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We can show BC, AD, and EF concur or are parallel if and only if
AB-CF-DE=CD-BE-FA

and by symmetry this will be enough to establish that the concurrence condition charac-
terises the equality cases.

(=) If they are parallel, AB = CD, CF = BE, and DE = F A, as these are opposite
edges and diagonals of isosceles trapezia. Otherwise, they will concur at some point X.
The cyclic quadrilaterals ABCD, BOCEF and ADEF give us the similar triangles

AXBA~AXDC,AXEB ~ AXCF, AXAF ~ AXED.

So
AB-FC-ED XA -XC-XE
CD-BE-AF XC-XE-XA

Similarly the other cases.
(<) Now suppose

1.

AB-FC-ED

CD-BE-AF
Let A’ be the unique point on the arc FAC such that BC, A’D and EF are concurrent
or parallel. We can apply the direct implication argument on hexagon A’BCDEF and
obtain the equality

1

A'B  CD-BE AB

AF  FC-ED AF’
And we know by cyclic quadrilateral theorems that /FAC = ZFA'C. So we have
AFAC 2 ANFA'C and A = A’. Similarly the other cases. O

Problem 3.4 (IMO Shortlist 1995, G7, from |AoPS). Let ABCD be a convex quadri-
lateral and O a point inside it. Let the parallels to the lines BC, AB, DA, C'D through
the point O meet the sides AB, BC,CD, DA of the quadrilateral ABC'D at the points
E,F,G, H, respectively. Then prove that \/[AHOE] + /[CFOG] < \/[ABCD].

Solution (of user Wizzy| from AoPS). Note that ABCD is the Minkowsky sum of
AHOFE and CFOG. Hence the result follows from Brunn-Minkowsky inequality. n

Problem 3.5 (2015 Tsinghua autumn camp, Q2, from |AoPS). Let S be the area of the
convex pentagon ABCDE, S, 55,955,954, 55 be the areas of AABC, ABCD, NCDE,
ADFEA and AFEAB, respectively. Prove that

S1+SQ+S3+S4+S5>S.

Solution (of user larqady| from AoPS). The inequality follows from M6bius-Gauss for-
mula

S? — (S1+ So+ 834 Ss+ S5) S+ 515 + S2583 + 8354 + 5495 + 5551 =0. (1)

It can be proved as follows. Let ACNBE ={K}, ACNBD ={L}, CENBD ={M},
CENAD = {N}, AD N BE = {P}.
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Since [BLC| - [ALD] = [ABL] - [CLD], we obtain
[BLC](S — S1 — S2 — Sy + [BLC]) = (S1 — [BLC])(S2 — [BLCY))

S4S5 S551

which gives [BLC| = 5152 . Similarly we get [APE] =

ABK)| = te.
5—5, 5—52’[ ) 5_g, ¢
Hence o G
Ss Ss  AK AP [AKP] S — 3% — 5%
S—S; S-S, AC AD [ACD]  S—-5, -85,
which implies (1)). O

Remark 3.5.1 (of user |sqing| from AoPS). See [5].

Problem 3.6 (from |AoPS|). M, N, P are three points lying respectively on the edges
AB, BC,CA of a triangle ABC' such that AM + BN +CP = MB + NC + PA. Prove
that Synp < Sasc

Solution (from|AoPS). Denote BN = ay, NC = a3, CP = by, PA = by, AM = ¢;, MB =

¢3. Then [AMP] = [ABC]% etc. so we need to prove that

Clbg 3
> >
v (c1 4+ c2)(b1 + b2) 4

After expanding and regrouping it becomes

a; + (Zg)(bl — bQ) + ((Il — ag)(bl + bg)

Z(albl—&2b2)<cl—02) <0 < Z ( 5 (c1—c2) <0.

cyc cyc

Denote x = ay —as,y = by —bg, 2z =c¢1 —co and a = a1 + a9, b = by + by, c = ¢1 + 3. Now
it remains to prove
ayz +bzx +cry <0

for x4+y+2z = 0 and a, b, ¢ being triangle sides. WLOG xy > 0. Then inserting z = —x—y
yields the obvious inequality

ayz + bzx + cry = —ay® — br* — (a + b — c)wy < 0.

Equality is attained when x =y = 2 =0, i.e. M, N, P are the sides’ midpoints. O

Problem 3.7 (Example 6 from Cosine theorem and its consequences| from Kvant Ne7
1972). Given a triangle, divide it into two parts of equal area with the shortest segment.

Solution (from the same source). Let ABC be the triangle and M € AB, N € AC be
such that M N divides ABC' into parts of equal areas. Let S = [ABC| Applying cosines’
theorem to AM N we find

A

MN? = (MA — AN)* + 2S tan 3
Therefore its minimum happens for AM = AN and is equal to /25 tan é. If WLOG
/A < /B < ZC, then this is the desired segment. To construct it we mark M, N so
that AM = AN = ,/%. O

2
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3.1 Complex Numbers

Problem 3.8 (from |AoPS)). Let A;Ay... A,, n > 3 be a regular polygon inscribed in a
circle with radius 1 and P a point in the plane different from the vertices of the polygon.
Show that

- 1 n
> .
;PAk — PA,-PA,---PA,

Solution (of user |cosmicgenius| from AoPS). Let w*, k € {0,...,n — 1} be the roots
of Q(z) = 2" — 1 = [[}Z,(z — w¥). We need to prove that for any z € C\ {w* : k =
0,...,n—1}
nzi 1 S n
iz —wh T e — w
or
n—1
Z H |z —w!| >n
k=0 j#k
But
n—1 n—1 n—1n-1
HIE ) = Y= T - - S TJ ) = 2Q() —nQ(2) = n.
k=0 j#k k=0 j#k k=0 j=0
so the inequality follows from the triangle inequality. m

Problem 3.9 (from |AoPS). Let AABC be a triangle with an area of K. If P is any
point in the plane prove that

PA-BC+ PB-CA+ PC-AB > 4K
and find all position of point P when equality occurs.
Solution (of user VMF-er). We will prove the general result:
Lemma 3.9.1. For arbitrary points P, () in the plane of a triangle ABC' holds:
BC-PA-QA+CA-PB-QB+ AB-PC-QC > AB-BC - CA.

Proof. In the complex plane, let A(a), B(B),C(v), P(p), Q(q). Consider the polynomial
f(z) = (x — p)(z — q) € C[z]. By Lagrange’s Interpolation Formula, we have

(@ —=B)(a—7) (B="8—a) (y—a)(y—8)
Comparing the coefficient of 22 we get
f(e) f(B) () _
@8- B-1B-a G-an-8
f(e) f(B) f()
— (a—ﬁ)(a—v)’Jr‘(ﬁ—v)(ﬁ—a) +‘(7—a)(7—6)’ =t

PA-QA  PB-QB  PC.QC_
CA-AB " AB-BC ' BC-CA~
— BC-PA-QA+CA-PB-QB+ AB-PC-QC > AB-BC - CA.
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Let @ be the circumcenter of ABC'. Then the result follows. O

Problem 3.10 (from |AoPS|). Point P lies in the plane of AABC. Prove that
PA-PB-AB+ PB-PC-BC+ PC-PA-CA>AB-BC-CA.

Solution (of user [SpecialBeing2017| from AoPS). Given A, B,C € C consider the
polynomial

Note that f(A) = f(B) = f(C) = 1 whence f = 1. Now,

[PB|-|PC|  |PC|-|PA|  |PA|-|PB| , \PB-PC PC-PA PA-PB _
|AB| - |AC| |BC|-|BA| |CA|-|CB| ~'AB-AC BC-BA CA-CB'

[f(P)| =1,

O

3.2 Unsolved Geometric Inequalities

Problem 3.11 (Ilya Bogdanov, Kolmogorov Cup, 2011, from AoPS). Let O be an arbi-
trary point inside a tetrahedron ABC'D. Prove that

[AOC] - [BOD)] < [AOB] - [COD] + [AOD] - [BOC].

Problem 3.12 (from |AoPS). Assume four circles are such that any three of them have
a common intersecting point on the surface of a sphere of radius R and the center O of
the sphere is inside the space blocked by the circles. Prove that

R+ Ry+R.+ Rq > 3R

where R, are the radii of these four circles.

Problem 3.13 (from |AoPS)). Given is a polyhedron A; Ay A3 A4 A5 (where A; As A3 Ay and
A5 Ay A3 Ay are tetrahedrons) whose nine edges are all tangent to a sphere I'. The length
of the tangent from A; to I' is a;. Prove that

1+3+1>2+2+2
a?  ajas  a? " a3 a3 a3

Problem 3.14 (from|AoPS)). Let ABC be a triangle having area A. Let BCNy, ACNpg,
ABN¢ be erected equilateral triangles on the sides of AABC, all outward. Let the area
of the triangle formed by centroids of these equilateral triangles be Ay (outer Napoleon

Triangle). Let the area of equilateral triangle whose vertices are on different sides of
NABC be AX- Show that AN : AX > 4A2

Problem 3.15 (from AoPS)). Let R™ have the usual dot product and norm. When
v=(21,...,x,) € R" let ¥v = x; + --- 4+ z,,. Prove that

1
VI Wl > (v w)? 4 (v [Sw] = fw] - [Bv])T

for any vectors v,w € R".
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Problem 3.16 (239 MO 2010 S7, from |AoPS). You are given a convex polygon with
perimeter 24v/3 + 4. If there exists a pair of points dividing the perimeter in half such
that the distance between them is equal to 24, Prove that there exists a pair of points
dividing the perimeter in half such that the distance between them does not exceed 12.

Problem 3.17 (from |AoPS). Show that there exists a constant ¢ > 0 such that for any
set {z1,...,2,} C S*(unit sphere), we have

n n 4
D> -l < 5”2 —cvn
i=1 j=1
where || - || is the Euclidean distance between points in R?.

Problem 3.18 (IOM 2021 #6, from AoPS|). Let ABC'D be a tetrahedron and suppose
that M is a point inside it such that /ZMAD = /M BC and ZMDB = Z/MCA. Prove
that

MA-MB+ MC-MD < max(AD - BC, AC' - BD).

41


https://artofproblemsolving.com/community/c6h2212506p16757226
https://artofproblemsolving.com/community/c6h3460759p33433516
https://artofproblemsolving.com/community/c6h2735035p23842381

4 Geometry

Problem 4.1 (Problem 7 from [9]). Prove that the area of regular octagon is equal to
the product of the lengths of its shortest and longest diagonals.

Solution (from the same source). Let AgA; ... A7 be the octagon. Then its area is equal
to that of the rectangle, formed by the lines AgAg, AsA4 and the lines through Ay, As
perpendicular to A; As. n

Problem 4.2 (Isracl Autumn 2016 TST1/3, from |AoPS|). Prove that there exists an
ellipsoid touching all edges of an octahedron if and only if the octahedron’s diagonals
intersect. (Here an octahedron is a polyhedron consisting of eight triangular faces, twelve
edges, and six vertices such that four faces meat at each vertex. The diagonals of an
octahedron are the lines connecting pairs of vertices not connected by an edge).

Solution (from AoPS|). Let ABCDEF be the octahedron so that AD, BE,CF are its
diagonals.

"Only if" part.

First we will prove the only if part. Since ellipsoid is the affine image of sphere we
may assume that the given ellipsoid is the sphere I'. Let T, be the point of tangency of
I' with edge e.

Let X be the point on the line AD (but not segment AD, maybe at infinity) such that
AX/XD = ATsp/TppD. By Menelaus for ABD we get that Tap, Tpp, X are collinear.
Similarly Tag, Tgp, X are collinear. Hence T4g, Tsp,Tpr, Tra are coplanar and since
they lie on T" they also lie on a circle w. Note that there is a point Y (maybe at infinity)
such that the cone with vertex Y tangent to I' touches it through circle w.

We aim to prove that A, B, D, E are coplanar. Then AD and BFE will intersect.
Similarly AD and C'F, BE and C'F will intersect too. And since AD, BE,C'F are not
coplanar it will follow that they are concurrent.

Let 4 be the circle through which the cone with vertex A touches I'. Similarly
define circles for other vertices of the octahedron. Coplanarity of A, B, D, F is equivalent
to concurrency of the planes of v4,7vg,vp,ve by polar duality. But each of this circles
touches its two neighbors whence their common tangent lines pass through Y (why?)!.
It follows that the planes of circles va,vp,vp, Ve pass through Y, as desired.

"If" part.

Now we prove the converse, that is, if the diagonals concur at a point P then there
is an ellipsoid touching the edges.

It is not difficult to check that the four intersection lines of the opposite faceplanes
of octahedron lie in a plane 7 iff the diagonals concur (for example, use Desargues’
theorem for an opposite pair of faces). Hence in our case the plane 7 exists. Send it
to infinity. Then the diagonal quadrilaterals ABDFE etc. become parallelograms. Hence
the diagonals are halved by P. Consider the affine transformation making AD, BE,C'F
pairwise perpendicular and scaling them to equal lengths. Then our octahedron becomes

nvert in T4p. Keep notations the same. Then v4,vs become parallel lines and vp, vz become
circles tangent to each other and each tangent to one of y4,vp. Then Tpg is their internal homothety
center and hence the common tangent ¢ through Tpg to vp,vg is parallel to v4,vg. This means that
before inversion the preimage of ¢ was a circle through Tap,Tpr tangent to the four circles . Hence
the circles t,v4,vp had a radical center, i.e. a point Z for which the segments ZTyp, ZTpp, ZTpE are
equal and tangent to I'. But this means that Z =Y as needed.
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a regular octahedron which obviously has a sphere tangent to its edges. Its preimage will
be the desired ellipsoid. ]

Problem 4.3 (L.F. Sharygin, [Kvant M1184)). On each edge of a tetrahedron a point is
chosen. Draw a plane through each triple of points, lying on edges with common vertex.
Prove that if three of this planes touch the sphere inscribed in the tetrahedron, then the
fourth plane also touches it.

Solution (using the hint from Kvant M1184). Let ABCD be the tetrahedron and P. be
the point chosen on its edge e. WLOG PpaPppPpc is the plane to be shown to touch
the insphere. We will use the following

Lemma 4.3.1. A convex quadrihedral angle with consecutive planar angles «, 3,7, 6
admits an inscribed sphere iff « +y = 5+ 0; if o +v < §+ 9 (>, respectively) then the
sphere touching the planes of angles (3,~, d intersects the plane of a (does not intersect,
respectively).

Proof. This is obvious. m

According to the lemma, for each of the vertices Psg, Ppc, Pca of octahedron P with
vertices P,, sums of opposite planar angles are equal. Hence the sum S of angles of face
PpsPppPpc and of opposite angles in respective quadrihedral angles of P equals to

S = Z (£PpaPppPpc + ZPspPppPsc)

A—B—C
=7+ Z (1 — LPppPapPpc — LPppPpcPap)
A—B—C
=4m — Z (LPpaPacPep + PpaPacPep)
A—B—C
=37 — Z (m — £LPacPapPpc — ZPacPopPpa)
A—B—C
= Z (£LPpaPppPap + £PpcPppPgc).
A—B—C

It follows that if PpaPpgPpc does not touch the insphere then the angle difference
0(A,B,C) = £LPpaPppPpc + £LPapPppPpc — £LPpaPppPap — £LPpcPppPpc

is positive for some permutation of A, B, C' and negative for another. But according to
lemma this means that PpaPpgPpc should both intersect the insphere and not intersect
it, which is impossible. O

Problem 4.4 (from some All-Soviet Olympiad, taken from earthz.ru). The projections
of a body on two planes are disks. Prove that these disks are equal.

Solution (from the same source). If the planes are parallel then it is obvious so assume
otherwise. Then the projection of the body on the intersection line ¢ of the two planes
coincides with the projection of each of the disks on ¢. But the projection of a disk on a
line in its plane is a segment equal to its diameter. O
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Problem 4.5 (of user [TelvCohl from AoPS). Let ABC be a triangle with incircle w.
X is a point on w. /¢ is a line which is tangent to w at X. ¢ and the three reflections
of ¢ with respect to the sidelines of ABC form a complete quadrilateral called A. As X
varies on w find the locus of the Miquel point of A.

Solution (of user leon.tyumen from AoPS). We will use Clawson conjugates.

Let ¢ intersect the lines BC', AC, AB at A;, By, C; respectively. The reflections of ¢
with respect to the sidelines of ABC form a triangle A;ByCy. Let H be the orthocenter
of AABC'. Finally, let T be the Miquel point of (AB, BC, AC, /).

We label the Clawson conjugation with respect to (AB, BC, AC, 1) by . It is follows
from the definition that ¢ swaps (A, A;), (B, By), (C,C1). Therefore, it swaps ¢ and
(ABC).

Let H := ¢(H). Then, £B1H'Cy = L{ACH + {HBA = 2LCAB = £B1A;C) =
£ By MCy. The first equality is a property of Clawson conjugates. Similarly £ A1 H'B; =
KL A1 M B;. Therefore, M = H', i.e. p swaps H and M.

Is is known that Clawson conjugation with respect to some quadrilateral swaps
isogonal conjugate point of this quadrilateral. Thus, I is fixed point of ¢. Hence,
ATHI ~ ATIM and it is easy to check (for example, using the complex numbers)
that M traces a circle as T and X move. O
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4.1 Unsolved Geometry

Problem 4.6 (from AoPS). Given a quadrilateral ABC'D which has an incircle ®(I).
P is a point which satisfies ZAPB = ZCPD (P lies at outside ABC'D). Prove that the
incircles of APAB, APBC, APCD, APDA have a common tangent line.
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5 Number Theory
5.1 Divisibility
Problem 5.1 (Putnam 1982 B4, from |AoPS). Let ny,no, ..., ns be distinct integers such

that
(ng +k)ng+k)---(ns + k)

is an integral multiple of nyny - - - n, for every integer k. For each of the following assertions
give a proof or a counterexample:

(a) |n;| =1 for some 1,
(b) If further all n; are positive, then {ny,ns, ..., no}t ={1,2,...,s}.

Solution (of user jalexheinis from AoPS). First note that none of the n; equals 0, since
taking k large gives II5(n; + k) > 0, hence not a multiple of 0.

(a) Suppose not then |n;| > 2 for all i. Let N := [[]|n;|. Then N | []]|n; + 1| and
N | 1] Ini = 1]. Multiplying we find N? | [];(n? — 1) hence [[] n? < []j(n? — 1),
contradiction.

(x+mn1)- - (z+ny)

(b) Let f(x) :=

f=>0c (i) and then it is well-known that all ¢, € Z. The leading term is %(i)
hence N | sl. Since N is a product of the s distinct positive integers n;, we must
have {n;} = {1,--- ,s}.

then it is given that f : Z — Z. We can expand

]

Problem 5.2 (from |AoPS)). Find the smallest integer n > 1 such that there exist positive
integers aq, ..., a,, for which

ai+-+al| (a4 4a,)’ -1

Solution (of user Solar Plexus/on AoPS). Let Ny, be the smallest integer n > 1 for
which there exists n positive integers aq, as, . .., a, for which

Dol | Qa1 (1)

Then we prove that Ny, = 9. Suppose we have n positive integers satisfying (1). Assume
Sor a;is even. Then (37 a;)* — 1 is odd, implying Y"1 | a? is odd by ({)). Hence

i=1""

1—1—Oziaf—iai—iai(ai—l) (mod 2),
i=1 i=1 i=1

which is impossible since a;(a; — 1) is even. Consequently > | a; is odd by contradiction.
This fact means 8 | (D) a;)> — 1 and >, a? is odd, which combined with (1)) give us

=1 "

szaf O W) -1 (2)

i=1
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Therefore by (2)

n

82@? < (Zai)2 = Za + 2 Z Tr; = nz Z (zi — z4)%,

=1 1<i<j<n 1<i<j<n

yielding

(8 — Za + Y (w—)? < 0. (3)

=1 1<i<j<n

Obviously, if n < 8, then in inequality (3|) the LHS > 0, contradicting (3)). Hence n > 8.
By setting n = 9 and choosing (al,ag,ag,a4,a5,a6,a7,a8,a9) (3,3,4,5,6,6,7,8,9),
we obtain S) = Y3, a; = 51 and Sy = 327 | a? = 325, yielding 85y = S? — 1, which

means ajp, as, . . ., ag satisfies (1). In other words, Ny, = 9. O

Problem 5.3 (Marin Hristov, Bulgarian Autumn Math tournament, 2024, p11.4, from
AoPS). Find the smallest number n € N, for which there exist distinct positive integers
a;, © =1,2,...,n such that the expression

(a1 +as + - +a,)* — 2025
ai+a3+---+a?

is a positive integer.

Solution (of user zhihanpeng2.0| from AoPS). Let (3 a;)> — 2025 = kY. d?, k € Z*.
We have > a; = > a? (mod 2) so Y. a; = > a? =1 (mod 2). Thus 8 | k> a? so 8 | k

and )
8 <h< W)
> a;
Hence n > 9. The tuple (a1, as,...,aq) = (15,16,17,18,19, 20, 21, 26, 31) works. ]

Remark 5.3.1 (of user chronondecay| from AoPS). Alternative construction: we take
{a;} ={m,mEta,mEbmzxc,m=Ed} with0 <a <b<c<d<m. Then the condition
(>~ a;)?—2025 = 8 > a? simplifies to 2025+16(a?+b*+c*+d?) = 9m?, which is easy to find
solutions for (e.g. taking mod 16, we get m = +1 (mod 8)); the smallest is (m, a, b, ¢, d) =
(23,3,4,5,11), which corresponds to {a;} = {12, 18,19, 20,23, 26,27, 28, 34}.

Problem 5.4 (Dan Brown, IMO Shortlist 2007, N2, from |AoPS)). Let b,n > 1 be integers.
Suppose that for each k£ > 1 there exists an integer aj such that b — a} is divisible by k.
Prove that b = A™ for some integer A.

Solution (of user [ali666). Insert k = b>. Then * | b — a¥ so af = b(bx + 1). But
ged(b, bx 4+ 1) = 1 therefore b = A™ for some integer A. ]

Problem 5.5 (46th International Tournament of Towns, Junior O-level P3, Fall 2024,
from |AoPS)). A positive integer M has been represented as a product of primes. Each of
these primes is increased by 1. The product N of the new multipliers is divisible by M.
Prove that if we represent N as a product of primes and increase each of them by 1 then
the product of the new multipliers will be divisible by V.
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Solution (of user Davsch| from AoPS). Firstly, we claim that the largest prime factor
of M is 3. Indeed, assume M = p{'ps?...p* is the prime factorization with p; < py <
--- < pr and all e; > 0.

Then we need (p; + 1)°* ... (px + 1) to be divisible by pg. Since the last factor is
not, we know py, | p; + 1 for some j, in particular p, < p; + 1. But p; < pg, so they must
be consecutive primes.

Now write M = 2%3°. Then N = 2%3¢ is divisible by M iff 2b > a > b. Performing
the operation again, we get 22¢3% which is divisible by N iff 2a > 2b > a, which is
equivalent to above chain of inequalities. O]

5.2 Sets and Combinatorial Number Theory

Problem 5.6 (from |[AoPS). Do there exist 101 consecutive odd positive integers such
that each of them has a prime divisor that doesn’t exceed 437

Solution (of user MyobDoesMath from AoPS). At most [101/p] of the integers are
divisible by p for p = 5,...,43, which gets us [101/5] + ...+ [101/43] = 88. As at least
|1/3] of these (for each p respectively) are divisible by 3, we get at least 88/3 > 29 that
oversect with the [101/3] = 34 integers that are divisible by 3. So if we assume all other
counted integers are distinct (which certainly doesn’t hold true but provides an upper
bound), we get [101/3] + (88 —29) = 34 4+ 88 — 29 = 93 < 101 integers divisible by one
prime not exceeding 43. So it should not be possible. O]

Problem 5.7 (from |AoPS). For n = p;* - - p,* define Q(n) = a; + - - - + as. Prove that
there exist 2020 consecutive positive integers such that there are 1975 integers n such
that Q(n) < 11.

Solution (of user HoshimiyaMukuro from AoPS). Define
f(n)=Hk:1<k<2020, Qn+k) <11} .

2021 < 211 so f(1) = 2020.

By Chinese Remainder Theorem, there exists an integer ng such that ng + k = 0
(mod pi!) for all 1 < k < 2020, where py, pa, ..., Pao2o are distinct prime numbers, each
greater than 10000. Thus f(ng) = 0.

It is not difficult to see that f(n+1)— f(n) € {—1,0,1}. Thus by discrete continuity
there exists 1 < n < ng such that f(n) = 1975. O

Problem 5.8 (Sutanay Bhattacharya, Indian National Mathematical Olympiad 2023,
from |AoPS)). Let S be a finite set of positive integers. Assume that there are precisely
2023 ordered pairs (z,y) in S x S so that the product zy is a perfect square. Prove that
one can find at least four distinct elements in S so that none of their pairwise products
is a perfect square.

Note: As an example, if S = {1,2,4}, there are exactly five such ordered pairs:
(1,1), (1,4), (2,2), (4,1), and (4,4).

Solution (of user [Tintarn from AoPS). We call two numbers z,y equivalent iff their
product is a perfect square. It is easy to check that this defines an equivalence relation
(i.e. is symmetric, reflexive, transitive), hence we can partition S into equivalence classes
with 71,..., 7 elements. Then r? + --- + 77 = 2023 and hence k > 4 by mod 8. O
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Problem 5.9 (Rioplatense L2-2019/3, from |[AoPS). Let S be a collection of 2n + 1
numbers less or equal than 2" with the following property: the product of any n numbers
of S divides the product of the n + 1 remaining numbers of S. Prove that S has at least
2 equal numbers.

Solution (of user |OronSH| from AoPS). The idea is to consider a prime p and consider
the v,s of the numbers. Say this sequence is ai, ag, ..., agp4+1 With a3 <ag < -+ < agnq;.
Then the condition is equivalent to a; +as+-- -+ api1 > Gpyo+ -+ ag,y1. Additionally
note that a; < n from the 2" bound. We claim that a, 11 = a,.2. Otherwise set a,,1 = k

and we have
E(n+1)>a1+ 4 apy1 > apyo+ - + asny1 > (K + 1)n,

so k > n but then a,.o > k+ 1> n -+ 1, impossible. O

Problem 5.10 (239 MO p8, from AoPS). There are several rational numbers written
on a board. If the numbers = and y are present on the board, we can add the number

(x +y)/(1 — xy) to it. Prove that there is a rational number that cannot ever appear on
the board.

Solution (of user internationalnick from AoPS). Choose a sufficiently large prime
number p = 1 (mod 4) such that for every number x initially written on the board,
we have v, (z2 +1) < 0. We will prove that this property is also true for new numbers.

] —+:Eyy such that v, (22 + 1) > 0. Let % and c_ci be

ad + be ) (a® + b?)(c® + d?) -
bd — ac b (bd — ac)?
0= v,(a*+0%) > 0Vuy,(*+d*) > 0. However, if v, (a® + b*) > 0 for instance, then

Indeed, assume we add the number z =

irreducible fractions of x, y, respectively. Then z =

2 b2
ptb=v, (22 +1) =1y, %) > 0, absurd. Thus, let p = u? 4 v?, it follows that %

never appears on the board. O

Problem 5.11 (Anant Mudgal and Rohan Goyal, India EGMO TST 2023/2, from
AoP§)). Alice has an integer N > 1 on the blackboard. Each minute, she deletes the
current number z on the blackboard and writes 2z + 1 if x is not the cube of an integer,
or the cube root of x otherwise. Prove that at some point of time, she writes a number
larger than 109

Solution (of user [L567 from AoPS). Note that 2z + 1+ 1 = 2(x + 1) and 2 + 1 =
(x +1)(z* — z+ 1) with 22 — z + 1 odd always. So the v5(n + 1) goes up by 1 when
2z + 1 is done and stays the same when you take the cube root. So the only way the
numbers Alice writes are bounded is if v5(n + 1) remains constant eventually, but then

only cube roots will be taken, which cannot go on forever since 1 will never be written
on the board. O]

Problem 5.12 (Brazil EGMO TST2 2024 P3, from AoPS)). Consider 90 distinct positive
integers. Show that there exist two of them whose least common multiple is greater than
2024.
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b
Solution (of user yofro from AoPS). Notice that lem(a,b) = ﬁ. Also notice that
gedla,

by the Euclidean Algorithm, ged(a,b) < b — a. Hence lem(a, b) > a—b. If we require
a

some least common multiple to be greater than 2024, it is enough to find a and b such

b 1 1 1
that aa_ b > 2024, or, equivalently, 7 < 2004°
Let the numbers be aq,as, ..., a9p with a1 < as < --- < agg. We wish to show that
1 1
for some i, — — < ——. Fix some t < 90. Consider
a; a;+1 2024

f:l 1y 11
Q; _at

=t Aj+1 Q9o

This implies by Pigeonhole that there is a gap of size at most

1 1 1
Qy aogp 90 — t

1
Because a; > t we get that this quantity is at most m For t = 45 it is at most
1 1
— < and we are done. O
2025 2024

Problem 5.13 (from AoPS). Let n be a positive integer. Using the integers from 1 to
4n inclusive, pairs are to be formed such that the product of the numbers in each pair is
a perfect square. Each number can be part of at most one pair, and the two numbers in
each pair must be different. Determine, for each n, the maximum number of pairs that
can be formed.

Solution (of user ibh qys from AoPS). Answer: n.

Consider each integer k from 1 to 4n. Any integer k can be expressed in the form
s - 12, where s is square-free (i.e., s has no square factors other than 1), and ¢ is a
positive integer. This representation isolates the square-free component s and the square
component t? of each integer.

To form pairs whose product is a perfect square, we must pair numbers with the
same square-free component s. For each square-free s, consider the numbers of the form
s+ (2t —1)? and s - (2t)? for all ¢. Pair these s- (2t — 1)? and s - (2t)2. It is easy to see
that the number of pairs formed in this way is the largest.

For each s, as mentioned above, the pairing operation will at most leave one number
of the form s - (2¢ 4+ 1)? unpaired. These remaining numbers have the same form as the
first term of each pair, s- (2t — 1)2, and are not multiples of 4. Since all multiples of 4
are already encompassed in a portion of the second element of s - (2t)?, this constitutes
a one-to-one correspondence between all multiples of 4 and all pairs. Given that the
numbers range from 1 to 4n, there will be exactly n such pairs formed. O

Problem 5.14 (4.18 from [11], from |AoPS). Prove that if the positive integer n is not a
prime power then exists a permutation i,...,%, of 1,...,n so that
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Solution (from the same source). n can be represented as the product pg of coprime
positive integers p > 1 and ¢ > 1. For each k € {1,2,...,n} choose the numbers

me{0,1,...,p—1}, le{l,2,...,q}

such that £ = mqg+1 and put ¢, = r+1 where r is the remainder of division of mq+Ip—1
on n. This way we get the numbers

Q1,090 € {1,2,...,n}.
Note that they are distinct. Indeed, suppose that for some distinct
k1 =miq+ 1y, ko = maq + 1o
holds 7y, = 7,. Then the number
(m1g + lip) — (maq + lop) = (M1 — ma)q + (I — lo)p
is divisible by n = pq. But since p and ¢ are coprime, p | |m;—ms| <pand q | |l1 —12] < g

whence m; = mgy and [; = Iy, contradiction. Thus {iy,...,i,} is a permutation of
{1,...,n}. Using the periodicity of sinz, cos z and grouping the summands in the sum

S = chos Tk

n
we get
p—1 gq
27(mq + lp)
S = (mgq + 1) cos
p—1 q p—1
27Tm 27l 27rm 27l
= mq cos ( ) [ cos ( >
i ( 2T 27l . 2mm . 27rl>
= Z mq | cos cos — — sin sin —
m=0 - q L — q
q p—1
27l 2mm ol X 2mrm
+ [ | cos— Cos —sin — sin
=0
in force of
p—1 p—1
2 2 27l 27l
Zsm me_ csﬁm: 1nlzz slzo
m=0 p m=0 p =1 q =1 q
as desired. ]

o1



5.3 Multiplicative Order and Primitive Roots

Problem 5.15 (O. Izhboldin, 2019 Belarus Team Selection Test 2.3, from |AoPS). 1019
stones are placed into two non-empty boxes. Each second Alex chooses a box with an
even amount of stones and shifts half of these stones into another box. Prove that for
each k, 1 < k <1018, at some moment there will be a box with exactly k stones.

Solution (of user Pathological| from AoPS). Note that 1019 is prime and =1 = 509
is prime as well.

Let by, by be variables which correspond to the number of stones in the two boxes.
Observe that b; + by = 1019 at all times. Now, notice that every move halves each of by, by
modulo 1019. In other words, if (b1, b2) are turned into (b}, b5) after Alex does his shifting,
then we have 1019 | by —2b], by—20/,. With this observation, it would suffice to prove that 2
is either a primitive root modulo 1019 or is the square of the primitive. This is equivalent
to ordjp19(2) € {509, 1019}, and so we just need to show that ordin19(2) ¢ {1,2}. However,
this is obvious since 1019 { 2! — 1,22 — 1. O

Problem 5.16 (Brazilian Cono Sur Training 2013, from |AoPS). Prove that there are
infinitely many primes p, ¢ such that p | 297! — 1 and ¢ | 2°=! — 1.

Solution (of user A13jandro0000 from AoPS). Consider a prime divisor p of 22" +1. We
have 22" =1 (mod p) and ord,(2) = 2"*! since 2°" = —1 (mod p). Sop — 1 = 22"z
Similarly considering a prime divisor ¢ of 22" + 1 we get ¢ — 1 = 2"*2y. Therefore

2071 = 92" =1 mod p

=1 =92 = 1 od q.
[

Problem 5.17 (from|AoPS|). Show that primitive roots do not exist modulo any number
of form pq where (p, q) are distinct odd primes.

Solution (of user Tintarn|from AoPS). By Fermat, any element has order dividing p—1
modulo p and order dividing ¢ — 1 modulo ¢, hence order dividing lem(p—1,¢—1) modulo
pq. But since p — 1 and ¢ — 1 are both even, this lcm is strictly less than the product
(which would be the order a primitive root would need to have). []

5.4 Inequalities

Problem 5.18 (Israeli training 2024, from [AoPS)). Let {ai,as,...,a,} C N, n > 2 and
ged(ay, ag, ..., a,) = 1. Prove that:

lem(ay, ag, ..., a,) > "Vajas...a,.

Solution (of user RagvaloD|from AoPS). Let lem(ay, as, ...,a,) = d. We want to prove

d d d
' > ajay...a, or — - — ... — > d.
ar am Qn
Every < is integer and both numbers d and dl e ad have the same prime divisors

so it is enough to compare degrees of prime divisors of these two numbers.
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Let p | d. Then exists a; with p{ a; so p | £ and

d d d d d d d d
Up| — — ... — | =1 | — —|—up — ... . R
ay G Qp, a; (5] Qi—1  Qiyq1 ap,

d d d d
:Vp(d)—i-yp(—-... : -...—)Zyp(d)
a A;—1 Q541 Qp
So for every p it is true that 1,(d) <v,(L- L. .. L)andso L. L. . L >q
1 ag Qan al ag an,
Equality is possible for the next construction: let pi,ps,...,p, be different prime
numbers and P = pips, ...p,; then choose a; = —. Or for the construction a; = 1,a9 =
az = -+ = Qp. 1 O

Problem 5.19 (Daniel Liu, 2017 ELMO P1, from |AoPS). Let ay,as,...,a, be positive
integers with product P, where n is an odd positive integer. Prove that

ged(al + Pyay + P, ... a; + P) <2gcd(ay, ..., a,)".

Solution (of user MSTang| from AoPS). Let d = ged(ay, ..., a,), and write a, = dby
for positive integers by, ..., b, with ged(by,...,b,) = 1. Then

ged(ay + P, ... an + P)=d"ged(b] + Q, ..., 0, + Q)
where (Q = b1bs - - - b,. Hence it suffices to show
D :=ged(b] 4+ Q,..., 00 + Q) < 2.

To do this, write
bi=by=...=b'=-Q (mod D).

Suppose some prime p divides both D and ). Then

by

by

E0=—-Q=0 (modp)
so p | by, by, ..., by, contradicting ged(by,...,b,) = 1. Thus ged(D, Q) = 1. But

QU =0btby ... b =(—Q)" (mod D)
so D | 2Q™ (since n is odd). This is enough to force D | 2, i.e. D < 2, as desired. O
Problem 5.20 (Polish Mathematical Olympiad Finals 2017, Problem 3, from AoPS)).
Let n be a positive integer, and a1, as, ..., a, be positive integers such that a; < ay <
coo < ay < 2aq. If mois the number of distinct prime factors of ajas - - -a,, then prove

that
(aray...a,)™ "t > (n))™

Solution (from [AoPS)). Write a; = p¥i - b; where p t b; for a prime divisor p of ajas . . . a,.
Then, due to a; < as < ... < a, < 2a; we get that b; are pairwise distinct. Thus

blbgbnzn'

Multiplying such inequalities for each p we get (ajas...a,)™ ' > (n!)™. O
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Problem 5.21 (from |AoPS). Consider k natural numbers ay, as,...ax such that 1 <
a; < ag <...<ap<n (ne€N)and [a;,a;] >n, for any i # j < k. Prove that

Solution (of user jgnr| from AoPS). The multiples of a;s not exceeding n are distinct
because [a;, a;] > n,Vi # j < k. Hence we get

iR P R P A

L R R
aq (05} Q.
n n n
—+ —+...+—=<n+k<2n
aq a9 ar
1 1 1
— =4+ =<2
aq (05} Q.

[]

1
Remark 5.21.1 (of user mavropnevma from AoPS). In fact we can even prove — +

ai
1 1 3
— =< 3 The set S = {ay,as, ..., a;} must be such that |[S| = k < [n/2], since
a9 ag

if larger, by a well-known result of Erdds, one element of S would divide another, and so
their lem would be too small. So

Z———<n2——|5| Z<——1> Z{%J <n.

€S €S €S z€eS
Problem 5.22 (China Girls Math Olympiad 2020, day 1 P4, from AoPS). Let p,q be
primes, where p > ¢. Define t = ged(p! — 1, ¢! — 1). Prove that t < ps.

Solution (of user Anonimous| from AoPS). It is obvious that (p!,t) = 1 and it is easy
to check the cases when p < 7. So consider the case p > 8.

1. Ifg< g, then (¢!)? | p! and

t=ged(p! —1— (¢! +1)(q! — 1)) = ged(p! — (¢")? ¢! — 1) = ged ((5‘;2 —1,q'— 1)

|
sot<q!andt (5')2 <pl<plsot<ps.

2
3

9. 1t L
2

2
<g< gp then (p — ¢)!| ¢!. Then

P! P!
t—gcd(——l q'—l)—gcd(——q' q'—l)
q! q!
p! q!
= ged ,q!—l)
QW (—W

()5



https://artofproblemsolving.com/community/c6h418619p2361848
https://artofproblemsolving.com/community/c6h404131p2253348
https://artofproblemsolving.com/community/c6h404131p3135480
https://artofproblemsolving.com/community/c6h2229317p17009695
https://artofproblemsolving.com/community/c6h2229317p17021988

ya
3

p p q! _
()<2pgp§’ (p—q)':(P—q+1)'--(q—1)Q<p2qpép,

|
soté‘(p)— ¢ "gpg.
q) (p—q)

2
3. If g > EP then

ya
3

! !
tzgcd(%—l,q!—l) <%=(q+1)---(p—1)p<p .
O

Problem 5.23 (Chinese TST 2009 6th P1, from |AoPS). Let @ > b > 1, b is an odd

number, let n be a positive integer. If b"|a™ — 1, then a® > —.

n
Solution (of user [TTsphn|from AoPS). Let p be any prime divisor of b. Let d = ord,(a).
Then d | n. By the lifting-the-exponent lemma we have v,(a" — 1) = vy(a® — 1) + 1, (2).
We have p" | a” — 1 so v,(a® — 1) + v(n) > n and a? — 1 > = > 3% On the other hand,
d < ¢(p) =p—1whence a®* > a? > a’ - 1> 2. O

5.5 Number Bases and Digits

Problem 5.24 (from AoPS)). For each positive integer n, let a,, denote the number of
divisors of n that end in 1 or 9, and let b,, denote the number of divisors of n that end in
3 or 7. Prove that a,, > b, for all positive integers n.

Solution (of user rrrMath|from AoPS). We may assume that n is coprime to 10 because
any factor divisible by 2 or 5 cannot end in 1, 3,7,9 so dividing out all powers of 2 and 5
does not change a,, and b,. Now we prove by induction of the number of distinct prime
factors of n.

For prime power p" satisfying p = +1 (mod 10) and ged(p,n) = 1 every divisor of
p'n is a power of p times a divisor of n, but that power of p can only change the sign
mod 10 which does not affect whether it is counted towards a,, or b,, therefore

aprn, = (r + 1) ay, byrn, = (1 + 1) by,.

Then the induction hypothesis immediately proves our claim.

For p = 43 (mod 10) it is a bit more complicated. For the factor p*d where 0 < k <
r,d | n if k is even it is counted towards the same place d is but if & is odd it is counted
towards the other set giving us

o+l +T+1b b _r+1b+r+1
ap’"n - 9 Qp 2 n p'n — 92 n 9 Qp,.

So induction still works. Base case n = 1 is trivial so we are done. O

95


https://artofproblemsolving.com/community/c6h268964p1457625
https://artofproblemsolving.com/community/c6h268964p1459280
https://artofproblemsolving.com/community/c6h3451236p33305943
https://artofproblemsolving.com/community/c6h3451236p33308289

Problem 5.25 (Balkan MO Shortlist 2016 C1, from AoPS|). Let positive integers K and
d be given. Prove that there exists a positive integer n and a sequence of K positive
integers by, by, ..., bk such that the number n is a d-digit palindrome in all number bases
bl,bz, R ,bK.

Solution (of user Aryan-23| from AoPS). Consider a huge n. We claim that the number

r = (n!)4! works. To see this , we prove that z can be written as a d-digit palindrome
n! n!
for each base — — 1 with 1 <7 < n . Indeed, we claim that base — — 1 representation

1 k

d—1 %
d—1 n!
_ d—1
= () (5 )
=0

Then clearly x is a palindrome. Also the fact that n is huge ensures that all the

d—1 n!
k:d_1< , ) < T 1. Now we prove the representation:
7

At di (d; 1) (%’ - 1)i — k-1 (%' -1+ 1)(11 = (n)* .

=0

of x is

5.6 Diophantine Equations

Problem 5.26 (Indian TST 2019 Practice Test 1 P3, from AoPS). Let n > 2 be an
integer. Solve in reals:

la; — as| = 2|as — az| = 3|lag — a4] = -+ = nla, — a1].

Solution (of user TheDarkPrince| from AoPS). If all a; are equal, we get an obvious
solution. Assume the otherwise. The problem statement is nothing but

1 1 1
+-+-+...£—=0.
1 2 n
Pick a prime p between § and n (possible by Bertrand’s postulate). We will have p |
1-2-...-(p—1)-(p+1)-...n. Therefore n > 2p, which is false. So the only solution is
when a; = ay = ... = k for some constant k. O

Problem 5.27 (IMO ShortList 2002 N1, from AoPS). What is the smallest positive
integer t such that there exist integers xy, xs, ..., z; with

o+ as 4+ .+ = 200220927

Solution (of user Ilthigore| from AoPS). Answer: ¢ = 4 is the minimum.

Consider the equation modulo 9. Obviously 3|z; = z} = 0 (mod 9). If 3 and x;
are coprime, ¢(9) = 6, so (z;*)?> = 1 mod 9 by Euler’s Theorem. Therefore x;* = —
or 1 mod 9. However, 200220°%2 = 42092 = 4% = 4 mod 9, so if t < 4, LHS # RHS.
Therefore, t > 4.

However, t = 4 is achievable using the values (10 % 20025°7)3 4 (10 * 2002567)3 +

(2002567)3 + (2002667)% = 20022°°2 5o this must be our minimum achievable value. O
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Problem 5.28 (of user [Dattier| from AoPS). Find all (z,y) € Z* with
23y — 202 4 2 — P + 2y = 0.

Solution (of user lbh qys| from AoPS). If zy = 0, then + = y = 0. The following
assumes xy # 0.

By considering mod y?, we obtain y? | x(x+y). Now, for any p | v, if v,(z) < v,(y),
then v,(x + y) = vy(x) < vu(y), thus vy(z(z + y)) < 2v,(y), which contradicts the
divisibility, hence v,(x) > v,(y), implying y | z.

Now, suppose = = ty, then t3y* — 2t2y? +¢> —y +t = 0, thus by considering mod ¢,
we obtain ¢ | y, and further assume y = st, then

s—t=(t*s*—1)

Since xy # 0, it follows that st # 0.

If |st| = 1, then only s =t = 1 satisfies the equation, thus z =y = 1.

When |st| > 2, we have [t3s% — 1| > [t3s%| — 1 > 2|st| — 1 > |s| + |t| > /s — t, which
is impossible.

In conclusion, the solutions are | (0,0), (1,1) |. O

5.7 Other Problems

Problem 5.29 (from AoPS)). Let m be a positive integer (m > 3). Prove that m™ — 1
has at least one prime divisor p such that p =1 mod m.

Solution (of user hyay from AoPS). By Zsigmondy’s theorem, there exists a prime
divisor p of m™ — 1 that does not divide m* — 1 for any positive integer k < m. This
means ord,(m) = m, and since p | mP~! — 1, we have ord,(m) =m | p— 1, which is what
we wanted. O

Problem 5.30 (Iran 2022, from AoPS). m(n) is the number of primes that are not
bigger than n. For n = 2,3,4,6,8,33,... we have w(n) | n. Do there exist infinitely
many integers n that 7(n) | n?

Solution (from the post| of user harazi on AoPS). We prove that for any m > 2 we can
find n such that mn(n) = n.

Take m > 1. Since w(mk)/mk has limit 0 when k tends to infinity, there is a maximal
k such that w(mk)/mk > 1/m (k = 1 verifies this inequality). If we have equality, we are
done. Otherwise, m(mk) > k. Since k is the maximal, we have w(mk +m)/(mk +m) <
1/m and thus k > w(km + m) > w(km) > k, contradiction. O

Problem 5.31 (from |AoPS). Suppose that all positive divisors of the natural number n
(including 1 and n) can be divided into disjoint pairs in such a way that the sum of the
numbers in each pair is a prime number. Prove that the prime numbers obtained in this
way are different from each other.
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Solution (of user axolotlx7 from AoPS). Let n = pi'p5?...p% be the canonical repre-

sentation of n. For each p; there are d(n) divisors of n divisible by p;, and since

each divisor of n divisible by p must be paired with one which is not divisible by p;, we

have

1
¢ 1d(n) < Ed(n), so we must have a; = 1. Note that equality holds in this case,

so two divisors of n not divisible by p; cannot be paired with each other. This implies d
is paired with n/d. For any d; < dy < /n one can check that d; + n/d; > dy +n/dy so
the sums must all be pairwise distinct. O

Problem 5.32 (Ashwin Sah, USA Winter Team Selection Test #1 for IMO 2018, from
AoPS). Let n > 2 be a positive integer, and let o(n) denote the sum of the positive
divisors of n. Prove that the n'" smallest positive integer relatively prime to n is at least
o(n), and determine for which n equality holds.

Solution (of user blackbluecar| from AoPS). Let w(n) denote the number of positive
integers k where k < o(n) and ged(k,n) = 1. It is sufficient to show that w(n) < n.
Indeed, notice that the number of positive integers in the interval [m, m+/¢— 1] relatively
prime to ¢ is exactly ¢(¢). Now split up the interval [1,0(n)] into the intervals

k—1 k—1 k
)5
=0 r=1 y=1

where dy = 0 and dy < dy < --- < dj, are the divisors of n. Now, notice that if
m—1 m
re [(de> + 1,Zdy] =T
=1 y=1

and ged(r,n) = 1 then ged(r, d,,) = 1. But the number of integers in I relatively prime
to dp, is @(dm). So,

w(n) < Zw(di) =n

3

-1 m
as desired. Equality holds if [( dx) +1, Z dy] has exactly ¢(d,,) elements relatively
=1 y=1
prime to n for every m < k. So, n can only have one distinct prime divisor, implying

n = p® which clearly works. O

T

Problem 5.33 (from AoPS)). Let p be a fixed prime. Prove that, there are infinitely
many natural number n that are not expressible as pab + a + b for any natural numbers
a and b.

Solution (of user AleMM from AoPS). By Dirichlet’s Theorem, there are infinitely
many n such that pn + 1 = ¢ where ¢ is a prime number, so take those n. If n =
pab+a+b = pn =pPab+pa+pb = pn+1=p*ab+pa+pb+1= (pa+1)(pb+1),
contradiction since a, b > 0. O
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Problem 5.34 (Walther Janous, 2022 Austrian Federal Competition For Advanced Stu-
dents, Part 2 p4, from AoPS). Decide whether for every polynomial P of degree at least
1, there exist infinitely many primes that divide P(n) for at least one positive integer n.

Solution (of user NumberzAndStuff). Answer: the statement is true.

Let P € Z[z], deg(P) = k > 1 Assume there exist finitely many such primes
P1,DP2, .-, pr. Define Q := [[_, pi- Let a,, denote the coefficient of lowest degree in
P such that a,, # 0. Now consider:

k k
Plam@") = i - (am@Q")" = (ay)™ Q™™ - (1 + D az’%/”le(im)) :
i=m 1=m-+1

The right term is arbitrarily large as we choose x arbitrarily large and also coprime to ()
thus it must have some other new prime factor. O

Problem 5.35 (Iran Third Round MO 1997, Exam 3, P6, from AoPS). Let Q" be the
set of all points in R"™ with rational coordinates. For A, B in Q", we can move from A to
B if the distance AB is 1. Prove that every point in Q" can be reached from every other
point in Q" by a finite sequence of moves if and only if n > 5.

Solution (of user pbornsztein from AoPS). Consider Q" as a graph whose vertices A
and B are joined by an edge iff AB = 1. The problem is to prove that Q" is connected
iff n > 5.

First, we assume that n > 5. Clearly, it suffices to prove that each vertex is connected
with the origin O by some path. Moreover, if A is connected with O then so is its reflection
A’ with respect to O.

Let (e1,...,e,) be an orthonormal basis in R". Then, if M; and M; are such that
the vectors OM; = r;e; and OM; = rje; where r; and r; are rational numbers, and such
that O is connected to M; and M; then using translation with vector OM;, we deduce
that M; is connected to the point P such that M;P = r;e;. By transitivity, it follows
that O is connected to P, and vector OP = r;e; + rje;. Thus, it suffices to prove that O
is connected to each of the points A; where the coordinates of A; are 0 except the i-th
which is 1/p for some positive integer p. WLOG it suffices to prove that O is connected
to M(1/p,0,0,...,0).

But, from a well-known theorem of Lagrange, each positive integer is the sum of 4
squares. Then, there exists integers a, b, ¢, d such that 4p? — 1 = a® + b* + ¢ + d%. Hence

1+a2+62+02+d2
(2p)?  (2p)*  (2p)* © (2p)*  (2p)?

which ensures that O is connected to

1 b d 1 b d
A _7i7_a£7_ and B _7_£a__7_£a__ .
2p 2p 2p 2p 2p 2p 2p 2p 2p 2p
Using translation with vector OA, we deduce that A is connected to M, and using
transitivity, it follows that O is connected to M. Thus Q" is connected.

Now, suppose that n = 4. We will prove that Q? is not connected, and more precisely
that it has an infinite number of connected components.

1=
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t
A, = { (i gz —) ‘ p=0orp=1, x,vy,z,1t are integers not all even
if p=1, dis an odd integer, ged(x,y, z,t) = 1}

and for p > 2

A, = { (2%1[’ 27%(1, %l’ ﬁ) ’ d is an odd integer and ged(z,y, 2,t) = 1}-

Note that the fractions are not supposed to be irreducible. Moreover, |J A, = Q*, the
A,’s are pairwise disjoint and if M is in A, and M’ is in A, for p < ¢ then the point N
such that vector ON = MM’ is in A,.

Lemma 5.35.1. If p > 2 and M is in A, then (O, M) is not an edge.

Proof. Suppose that OM = 1, then with the above notations 22 +y?+ 2% +1* = (2Pd)?> = 0
(mod 8). But, at least one of the numbers z,y, z, t is odd, say x. Then 22 =1 (mod 8),
thus y? + 22 +t> = 7 (mod 8). Since each square is equal to 1 or 0 or 4 mod 8, it is easy
to see that the sum of three squares is never equal to 7 mod 8. Contradiction. O

Let p,q be integers such that 1 < p < ¢q. We will prove that A, and A, belong to
distinct connected components, which will prove the claim above.

Suppose that there are A € A, and B € A, which are connected by some path. Then,
there exist rational points M, ..., My, such that A = My, B = M} and M;M;,, = 1 for
each ¢. Moreover, for each 7 there exists an integer p; such that M, is in A,,.

Let m = max{p; | i =1,...,k}. Then m > p, = q > 2. Let j = min{i | p; = m}.
Then j > 2 (since py = p < ¢ < m), and then p;,_; < p; = m. Let C be the point such
that vector OC = M;_M,. From above, C'is in A,, with m > 2 and OC = 1, which
contradicts the lemma, and we are done.

Now suppose that n < 4. The proof above may be adapted word for word to prove
that Q* has an infinite number of connected components. The key is that the sum of at
most 3 squares is never equal to 7 mod 8. O

Problem 5.36 (Russian Regional Olympiad 2010 Grade 9 P8, from [AoPS)). For every
positive integer n, let S,, be the sum of the first n prime numbers: S} =2,5 =2+ 3 =
5,53 =2+ 3+ 5 =10, etc. Can both 5, and 5,11 be perfect squares?

Solution (of userle  z from AoPS). Let S, = 22 and S,;1 = y*. Let p be the n + 1"

prime. Then (y — x)(§+ r) = y> — 2% = p since p is a prime. From this follows that
—1\?
y=z+1land 22 +1=p. So (pT) should be the sum of the primes smaller than

p. Notice that the sum of the numbers from 1 to p — 2 (p — 1 is not prime for p # 3 ) is
(p=2)p-1) p-1°

at most 2% < — 2%. Hence there is no solution. Rapid check of

small cases shows that S3 does not work. O

60


https://artofproblemsolving.com/community/c6h433250p2447934
https://artofproblemsolving.com/community/c6h433250p33283974

Problem 5.37 (Saint-Petersburg Olympiad 2024, 10.4, from |AoPS|). Consider all possi-
ble quadratic trinomials of the form x? + ax + b, where a and b are positive integers not
exceeding some positive integer N. Prove that the number of pairs of such trinomials
having a common root does not exceed N2.

Solution (of user NO SQUARES from AoPS). Let ¢ be a common root of some pair
of trinomials 2% 4+ ax + b and 2% 4 cx + d, i.e

Prat+b=0=t"+ct+d=>1t= cQ=>teZ

a—c
since the leading coefficients of the trinomials equal to 1. Also note that || < N and
t < 0 (since 2% + ax + b does not have positive roots). Now we will prove the following

Lemma 5.37.1. If ¢ is an integer such that —N < ¢ < —1 then there are at most |N/¢|
ordered pairs (a,b) of positive integers not exceeding N such that ¢2 + at + b = 0.

Proof. Let k = —t, so k* — ak + b = 0. Note that it implies k | b and so b = k/ for some
¢ e€Zy and £ < N/k, because N > b= k(. Then k —a+{¢=0= a = k+{, so there are
at most N/k possible variations for a; note that b is uniquely determined by a. O

Now we are fully ready to solve the problem. Knowing that all the common roots are
minus positive integers no more than N and using the lemma, we claim that the number
of pairs of trinomials having a common root does not exceed

“V/N/E\ 1< /N’ 1 11 1 1
3 S(=) =N (S5+5+5+-- ~N?.2= N>
<2><2 (k;) 2 (12+22+32+ )<2

k=1 k=1

Problem 5.38 (Kazakhstan Regional 2016 P3, from |AoPS). Given k,n € N prove that
(k+ D)I(1F + 2% + .+ nP)
is divisible by n(n + 1).

Solution (of user Mishab7| from AoPS). Let P(x) be the Lagrange interpolation poly-
nomial on the points

Then the degree of P is k+ 1. The equation P(z+1) — P(z) = (z+1)" has at least k+1
roots (1,2,...,k+1). But deg LHS < k,deg RHS = k. Thus P(z+1)— P(x) = (z+1)*
for all z € R.

We have P(0) = P(—1) =0 = xz(z + 1)|P(z). Since P(u) is integer for every
integer u we see that (k + 1)!P(z) is a polynomial with integer coefficients and z(x +
1)|P(z). Hence n(n+ 1) | P(n)(k + 1)! for every positive integer n. O

Problem 5.39 (2013 BAMO-8 P4, from |AoPS). For a positive integer n > 2, consider

the n — 1 fractions
n

2 3
2T
The product of these fractions equals n, but if you reciprocate (i.e. turn upside down)
some of the fractions, the product will change. Can you make the product equal to 17
Find all values of n for which this is possible.
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Solution (of user math90 from AoPS). The answer is all the perfect squares greater
than 1.
To make the product 1, the product of the numerators should be equal to the product

of the denominators. Id est, H k(k —1) = (n — 1)!*n should be a perfect square. Thus

k=2
n should be a perfect square.

For the perfect squares construct the following example:

U Vi

]

Problem 5.40 (Putnam 2003 B3, from AoPS)). Show that for each positive integer n,

n! = | |lcm<1,2,..., L2J>
i
i=1

Solution (of user Kent Merryfield| from AoPS). Consider any prime p.
On the one hand, according to Legendre’s formula the highest power of p that divides

| n
ais 3 LTJ
k=1
On the other hand, the power of p in lem{1,2,...,|[n/i]} is the largest k such that
p¥ < n/i. This power is k whenever ip* < n or 1 <i < n/p*. Hence, the power p* occurs

n/p* times. If we count just one power of p for each time p* occurs, but count again when
the next lower power of p occurs, and so on, we have replicated the count: the power of

pisd oo, L%J O

5.8 Unsolved Number Theory

Problem 5.41 (from |AoPS)). Let f(z) be a non-constant polynomial with integer coeffi-
cients and n, k be natural numbers. Show that there exist n consecutive natural numbers
a,a+1,...,a +n — 1 such that the numbers f(a), f(a +1),..., f(a + n — 1) all have
at least k prime factors. (We say that the number p{*---p% has ay + ...+ «, prime
factors.)

Problem 5.42 (from AoPS)). Let n be a positive integer. Denote the multiples of the
numbers n+ 1,n +2,...,2n located in the interval (n,n? by ny,...n;, where n; < ny <
-+ < ny. Prove that there exist constants ¢ > 0 and o < 1 independent of n, such that

max (n; —nj_1) < cn®.
7=2,...,t

Problem 5.43 (Paul Erdds, from AoPS). Let a; < as < ... be a sequence of integers
such that ged(a;, a;) =1 and ;10 — @41 > @41 — a; . Prove that

Z$<oo.
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Problem 5.44 (Paul Erdss, AMM, from AoPS). If n is an integer greater than 1 | let
P(n) denote the largest prime factor of n . Prove that n | P(n)! for almost all n , i.e.

prove that if
Sx)={n<z:n{fPn)}

then s

i P@

T—$00 x
Problem 5.45 (from AoPS)). Show that there is a (not too large) integer N such that,
for every integer n > N, you can form a square by multiplying together distinct integers
between n? and (n+1)2. For instance, the product 27-28-30-32- 35 = 50402 shows that

you can do it for n = 5. But you can’t do it for n = 6, so N has to be at least 7.

Problem 5.46 (from AoPS|). Let S(z) denote the number of square-free numbers less
than or equal to x. Then, for any € > 0, there exists a constant C' such that

6
‘S(a?) - —32: < Cxt/?e
T

for all sufficiently large x.
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6 Algebraic Inequalities

6.1 Convenient Substitutions

Problem 6.1 (from |AoPS). Let a,b, ¢ be reals. Prove that:

(a+b)?
a2

b b
Solution (of user m4thbl3nd3r|from AoPS). Let ot ;= F =y and cra_ z,
a— —c c—a
thus zy+yz+ 22 = —1. We shall rewrite our inequality as 22 +y?*+2% > —2(axy+yz+27)
or (z +y+ 2)* > 0 which is true. O

Problem 6.2 (from|AoPS). Given 1 < a, b, ¢ < 2 satisfy a+b+c = 4. Find the maximum
of P = a?b + b*c + c2a.

. 5 . 19
Solution (of user larqady|from AoPS). For 3’ b= 3 and ¢ = 1 we obtain the value =7

We will prove that it is the maximal value.
2 2

Indeed, let g = — Y% jpqp= Y FTEHZ

rty+z r+y+z

22+ +
numbers such that x +y + z # 0. Thus, ¢ = crrTy
r+y+z

, where x, y and z be non-negative

and we need to prove that

272(2x +y+2)?Qu+ar+2) <193z +y+ 2)>

cyc
Denoting S = = + y + z and expanding we find its equivalent form

27Zx2y <Az +y+=2)>?

cyc

which is Problem [6.11. O

Problem 6.3 (of user anhduy98 from AoPS). Given four real numbers a,b,c,k < 1
satisfying a + b + ¢ = 3k. Prove that

a? 4+ 0%+ A4 2abe + 1 > 2k3 + 3k% + 1.

Solution (of user Nguyenhuyen AG] from AoPS). Let a =1 —-2,b=1—-y,c =
1—2, k=1—m, where z,y, z, n are non-negative real numbers. Then = + y + 2z = 3m,
and the inequality becomes

21 -2)(1-y) L —2)+ (1 -2+ (1-y)*+ (1 -2)* > 2(1 = m)* +3(1 - m)?*,
equivalent to
(x4+y+2)?>2zyz +4(x +y+ 2) — 2m® + 9Im® — 12m.

Simplify to

TYZ < m>.

It’s true because ( )3
TH+Yy+=z 3
————=m".
xYz o m
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Problem 6.4 (from |AoPS). For z,y, z € R, find the minimum value of

2 2 2
S R (R A R (A
(293—?;—2) <2y—z—x> (QZ—x—y)

r+y+z 22—y -—=z

20—z —u
,(l— - 5
3 3

Solution (from |[AoPS). Let ¢t = ;

b=

Y c =

22_#' Then, using a + b + ¢ = 0, our expression becomes
a+t\> 1 1, 1 ] . 2 5
Z( a3 ) =3 (Z?t +225t+3> =3 (25t+1> +52s
For (x,y,z) = (1,1, —8) this minimum is achieved. u

Problem 6.5 (from |AoPS). Minimize

1 1 1
(x+1)(x+2)+(y+1)(y+2)+(z+1)(2+2)

f(‘r7y7 Z) =

where x,y,z > 0 and xyz = 1.

Solution (of user Nguyenhuyen AG/ from AoPS). For z = y = z = 1 we get
1
flz,y,2) = 3" We will show that

1 1
Z(az—i—l)(x—i—Q) =)

ab be ca

Substitute x = —,y = —, 2 = -5 . The inequality becomes
c a b?

S e % 3

(2 +ab)(2¢? +ab) — 2

After using the Cauchy-Bunyakovsky-Schwarz inequality we need to prove
200 + 07+ *)’ = (¢ + ab)(2¢° + ab),

or
a’b* + b*c® + c*a* > abe(a + b+ c).

6.2 Rolle’s Theorem

Problem 6.6 (of user larqady| from AoPS). Let ay, as,..., ag be a real numbers such that

8
Zai >0 and Z a;ajar > 0. Prove that:
i=1

1<i<j<k<8

8 8 3
642@? > (Z ai> .
i=1 i=1
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8
Solution (of user [pbooth| from AoPS). Let Zai = 8u, Z a;a; = 28v* (v? can be
i=1 1<i<j<8
negative) and Z a;a;ay = 168w3. Then we need to prove that
1<i<j<k<8

64(512u” — 672uv* + 168w?) > 512u°

or 3u? — 4uv? + w* > 0. By Rolle’s theorem

8
(H(z —a;))"" = 6720(z* — 3ux® + 3v’r — w?)

i=1

has three real roots. Let 3u =z +y + 2, 3v? = 2y + yz + 2z and w? = xyz. If v2 <0,
the inequality is obvious. Assume that v? > 0. Since u, v?, w® > 0 by positivity theorem
x,y,z > 0. So our inequality is just Schur. m

6.3 Other Inequalities

Problem 6.7 (Fedor Petrov, 239 MO, from AoPS)). Prove that for any four nonnegative
reals a, b, ¢, d, the following inequality holds:

Wl
Wl

(ab)® + (cd)s < [(a+c+Db) (a+c+d)s.

Solution (of user Fedor Petrov|from AoPS). We have

ab B a a+c b
(a+c+b)atc+d \a+c)\at+c+d) \a+c+b

And analogously,

cd B c a+c d
(a+c+b)atc+d) \a+c)\at+c+b) \a+tc+d

So by AM-GM,

W=

3 ab <a+a+c+b
(a+c+b)at+c+d)) ~a+c a+c+d a+c+b

And )
5 cd 3 < c L a+c . d
(a+c+b)(a+c+d) a+c a+c+b a+c+d
Summing up the last two inequalities gives the desired result. O

2019
Problem 6.8 (from |AoPS|). Given 2019 reals ay, as, ..., as19 > —1 such that Z a; = 0.

i=1
2019

Find the minimum of Z al.
i=1
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2
Solution (of user m4thbl3nd3r from AoPS). Note that (a; + 1) <ai — %) > (0 where
1=1,2,...2019, which gives

3 1
> — —.
=3% 7]
Thus "ot S
ga ig 2019 —2019
=y 4 4
Equality occurs when exactly 673 of a;s are —1 and the others are % O]

Problem 6.9 (of user sqing|from AoPS). Let a,b,c > 0. Prove that

4
a? + b+ &2 +kabc—2l)c—2ca—2ab>—ﬁ

Solution (of user anhduy98 from AoPS). By AM-GM and Schur

4 9ab
a’+b*+c? +kabet 5 > a 240+ 439/ (abe)? > a® +b 2+ :;i > 2(ab+bc+ca).
C

]

Problem 6.10 (of user Nguyenhuyen AG|from AoPS). Let a,b,c¢ be non-negative
real number. Prove that

(ab + be + ca) l 1 1 1 ] S 12(a — b)%(b — ¢)*(c — a)?

@07 B+ (etal]” (atbRb+ ot ap
When does equality hold?

Solution (of user larqady| from AoPS). Let a = min{a,b,c}, b = a + v and ¢ = a + v.
Thus, by AM-GM

(ab—i—ac—l—bc)H(a—l—b)zZ (a—ib)Q = (ab—i—ozc—i—bc)Z(a2 + ab+ ac + be)? >

cyc cyc cyc
> wo(u*v? + (u? + uww)? + (0¥ + ww)?) = wo(u® + uv + v*)? = w((u — v)* + 3uv)® >
2
> w (2 (w—0)?- ?ﬂw) — 12(u — )20 = 12(a — b)*(a — ¢)2(b — ¢)2.
Equality holds iff @ = 0 and b* + ¢* = 5bc and for its permutations. O

Problem 6.11 (Canada MO 1999, problem 5, from |AoPS). Let z, y, and z be non-
negative real numbers satisfying x + y + z = 1. Show that

4
<_
;1:y—|—yz+zx o7

and find when equality occurs.
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Solution (of user mudok| from AoPS). WLOG assume that y = mid(z,y, z) i.e. (y —
x)(y — z) < 0. Hence z(y — z)(y — 2) < 0. Using this we have

2y +ytz 4 2P <oty +ayz+ 2Py <aty 4 2ayz + 2Py = ylo + 2)? = y(1 - y)?

By AM-GM
4 l—y 1—y 4
)= .97y -—2. 4 <
Y-y =5 5 <y
. : 21 . .
Equality holds iff (z,y, 2) = 33 0 | or cyclic permutations. O

Problem 6.12 (of user jsqing| from AoPS). Let a,b,c > 0 and a’> + b + 2 < 3. Prove
that
ab® + b + ca® — abe < 2.

Solution (of user m4thbl3nd3r from AoPS). WLOG, assume that b = mid(a, b, c).
Thus a(a —b)(c—b) <0 or

ab® + bc* + ca® — abe < b(a® + ).
By AM-GM

1 (1+a*+0*+?)?
2 4

1
ba®+c*) =5 20 (@ + ) < o (B + 1) (0 + ) < =2,

N | —

]

Problem 6.13 (Brazilian IMO test 2013, from |AoPS)). For positive reals a, b, ¢ prove
that

3
Va2 +be+ Vb2 +ca+ Ve +ab < §(a+b+c).

Solution (of user NaPrai from AoPS). Due to the symmetry, we may assume WLOG
that a > b > ¢. Therefore,

Va2 +be+ V2 +ca+ Ve +ab < Va2 + ca+ Vb2 + ca + Vbe + ab.

By using the Power-mean inequality and the AM-GM inequality respectively, we have

Va2 + ca+ Vb2 + ca + Vbe + ab < Va2 + ca + /2(b? + ca + be + ab)
= va(a+c)+/(2b+2c)(a +b)
< a+ (a+c) N (2b+2¢) + (a +b)
- 2 2

3

Problem 6.14 (of user Nguyenhuyen AGf/from AoPS). For a,b,c > 0 Prove:

a(b+c) b(c+ a) c(a+ D) - a’b+ b*c + c*a N ab?® + bc? + ca?
b2+bc+c? A+cat+a? at+ab+02 T ab?+bc2 +ca?  a?b+ b2c+ c2a’
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Solution (of user mudok| from AoPS). Let m = a?b + b’c + c*a, n = ab* + bc® + ca®.

Then
ab B @ _abc(a —b)(a —c)
2+bc+c2  n n(b?+be+ c?)
a*c _abc(a —b)(a—c)
24+betc2 m mb2+betc?)

Y

ac

So we have
a(b+c) a*h  a’*c 1 1 (a —b)(a—c)
- — — — | =abc | — +— —
czy;(b?+bc+02 n m e m+n Czy; b% + be + 2
It suffices to prove
Z (@ —b)(a—c) >0
- b2 + be + 2
WLOG a > b > ¢. Then by Cauchy-Bunyakovsky-Schwarz

1 1 S 4 1
a3—b3+b3—c3_a3—c3>a3—c3

as needed. O

Problem 6.15 (from |AoPS). Let a,b, ¢ > 0. Prove that

b3 + 2abc + ¢ +c‘°’+2abc+a3 +a3—|—2abc+b3
a? + be b2 + ca 2+ ab

>2(a+b+c).

Solution (of user mudok from AoPS). We need to prove

b3 + 2ab 3
a? + be

cyc

or

(a® + b* + ¢ + 3abc) Z

cyc

a2+b023(a+b+c)

which is true because

9
>3(a+b+c)

3 3 3 +
((l + ¢’ + 3a C) a2+ b2+ c2+ab+ be+ ca

which follows from Schur:

a® + b3 + 3 4 3abe > a®b + b2c + Pa + a*c + b + ba.

Problem 6.16 (from AoPS). Let a, b, c € R satisfy % < a,b,c < 1. Prove that

§<1_ﬁ).
2

a—b b—c c—a

c a b
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Solution (of user argady). Let a > b > ¢. Then, by AM-GM

Problem 6.17 (from |AoPS)). Prove that if a,b,¢,d, e € [\/Lg, /5] then

a—b+b—c+c—d+d—e+e—a>0
b+c c+d d+e e+a a+b

Solution (of user larqady| from AoPS). The inequality is equivalent to

a—0b 2 10 3a+2c—b
) > = — — >10.
>(5e+3) 23 2 e 2

cyc cyc

5
But 3a +2c—b> — — /5 =0 and 3a + 2¢ — b) > 0, hence
75 2 )

cyc

Z3a+20—b Z (3a + 2¢ — b)?
b+c (3a +2¢—b)(b+c)

cyc

(Z(3a +2c— b))2 16

S e _16(a+b+c+d+e)
“ > (Ba+2c—b)(b+c) > (a%+ 4ab+ 3ac)

cyc cyc

Id est, it remains to prove that

8(a+b+c+d+e)?

> (a? + 4ab + 3ac) 2(3

cye cyc

a® — 4ab 4+ ac) > 0

!

= Z(a2+4b2+02—4ab—4bc+2ac) >0

cyc

= Z(a—2b+c)220.

cyc

]

Problem 6.18 (from AoPS). Determine the largest real number M such that for any
nonnegative reals a, b, ¢ holds

a® 4+ b* 4+ ¢ — 3abe > M(a — b)(b— c)(c — a).
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Solution (of user arqady from the same source). Let M > 0 and a = min{a,b,c}, ¢ > b
and b=a+x, c=a+y for y >z > 0. Hence,

a® 4+ b* 4 ¢ — 3abe > M(a — b)(b—c)(c — a)

= (a+b+c)(a—0b)+ (a—c)* 4+ (b—c)?) > 2M(—z)(z — 1)y
= (3a+x+y)(@® —zy+y?) > May(y — x).

Lety#O.Ifa:Othenf(t):t3+Mt2—Mt+1ZO,WheretziandOStSL

—M +M?+3M

f'(t) = 3t> + 2Mt — M S0 tppin = 3

fltmin) >0 <= 2M>+9M*+27 > (2M? + 6 M)V M2+ 3M
= M*—18M? —27 <0

—  M<\/9+6V3

Id est, a® +b® + ¢ — 3abc > /9 + 6v/3(a — b)(b— ¢)(c — a) for all non-negative a, b and c.
—M +/ M? M
+ 3 3 and ¢ = 1, where M = v9+6v3. O

Equality holds for a =0, b =

Problem 6.19 (from |AoPS)). Let a, b, ¢ are real numbers . Prove that
(1 )b — P + (14 1)(e - a)* + (1+A)(a— b > 2v3|(a — )(b - c)(c — a)].

Solution (from AoPS). WLOG a < b < ¢. Then there exist y > = > 0 such that
b=a+ x,c=a+y. Then the inequality becomes

fla) = ((y —z)+2"+ yz) a2+2:vy(x+y)a+(y—x)2+x2+y2—|—2:c2y2—2\/§xy(y—x) > (.
The minimum of this function is obtained at the point

ry(z +y)
2(2? — xy + y?)

Amin

(if z = y = 0 everything is clear so we consider the case y > 0). Thus it suffices to show
that f(amm) > 0. But

(V3ry(y — o) — 222 — 2y + ¢?))°
2(x% — 2y +y?)

f(amin) - Z 0

as desired. O

Problem 6.20 (from |AoPS)). Given a positive integer n and positive real numbers
T1,To,...,T,. Prove that

(21 + 29 + ... +3,)7%

n +1)?
(l’1+2$2+...+n$n)(Il—i-@—i—...—i—x—)S(n )
2 n 4n
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Solution (of user anhduy98 from AoPS). By AM-GM

a x| (n+1)? [k " nay,
() (5) 7 () (S

<l (S5 (o))

k=1

(1) [ (k= 1)(n— k) ’
~ dn Z (1  k(n+1) ) xk)

k=1

2
(n+1)? [ <&

= 4dn Zxk )
k=1

]

Problem 6.21 (2024 Guangdong Middle School Students Mathematics Summer Camp,
from |AoPS)). Let ay,aq,--- ,a, > 0 and a? + 2a3 + - - - + na’™' < 1. Prove that

2a1 +3a3 + -+ (n+ 1)al < 3.
Solution (of user tait1k27|from AoPS). By AM-GM

L ktl,

k+1

- 1 1 " k41
k+1 k
:>§ ka, —|—§—2n+12§ 5 ay,
k=1 k=1

3. 1¢ .

k=1

n

=) (k+1)af <3.
k=1

Problem 6.22 (of user lwwwww| from AoPS). Let fo < 1. Prove that
i=1

n

S-w?z Y G

i=1 1<i<j<n

Solution (of user argady| from AoPS). We need to prove that
n n n n n 2
) DURIILES SED S poety
=1 i=1 =1 =1 i—1
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or

<szyl> +ZS€ (Z Ti— 3/1;)2_23/1'2) >0

n n 2
i=1 i=1

O
Problem 6.23 (from |AoPS|). For positive reals a, b, ¢ prove that
b+c n c+a N a+b o4
vaz+be V2+ac Ve +ab '
Solution (of user Ibh qys from AoPS). By Holder’s and Schur’s inequalities
3
Z b+c (chc(b + C)) . 32 .y @*(b + ) + 24abe A
>
S Vi + T > eyeb+c)(a® +be) 2 ey @?(b+c)
O

Problem 6.24 (from |AoPS). Let a,b,c¢ >0, a +b+ ¢ > 3 and a® + b* + ¢ = 2abc + 1.
Prove that
a+b+c<2vVabc+ 1.

Solution (from the posts of users mudok| and argady|on AoPS). We have
(a—be)* = (b = 1)(c* = 1),

(b—ca)’ = (" = 1)(a” - 1),
(c —ab)* = (a® — 1)(b* — 1).

Thus a — 1,0 — 1,¢c — 1 have the same sign. If a — 1,0 —1,c—1 <0 thena+ b+ c < 3,
contradiction. Soa —1,b—1,¢—1 > 0. We need to prove that

(a+b+c—1)* < dabe = (a—1)(b—1)(c—1)>0.

[]

Problem 6.25 (Iran TST 2008, from AoPS). Let a,b,c > 0 and ab+ bc+ ca = 1. Prove

that
Va3 +a+ VB +b+VAS+ce>2Va+b+c.

Solution (of user |can hang2007| from AoPS). Applying Holder’s inequality we get

a? b? c?

NI R P S

LHSQ~( )Z(a+b+c)3.
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It remains to prove

9 a? b? c?
>4
(a+btef = <a2+1+b2+1+02+1)
or 2 2 2 2
(a+b+c) Z4< a N b N c )
ab + be + ca (a+b)a+c) (b+c)(b+a) (c+a)(c+Db)
or
a® + b + ¢? 8abc
+ > 9
ab+bc+ca  (a+b)(b+c)(c+a)
which is well-known (see [4]). O

Problem 6.26 (from AoPS). Let z,y,2 be reals such that 3z% + 2y? + 22 = 6. Let
P =2(x+y+ z) — zyz. Prove that—6 < P < 6.

Solution (of user IceyCold| from AoPS). By Cauchy-Bunyakovsky-Schwarz and AM-
GM
P?=2(z+y+2) —ay2]> = [V2 - V2(x +y) + 2(2 — zy)]?

< (2 422+ )+ @ -y = B OO ANE L)

6
2 9 2 2 12 3
S(?):U—l— y? 4 22+ 12) _ 36
6-27
Therefore —6 < < 6. Ppax = 6 when x = 0,y = 1,2 = 2 and P,;, = —6 when
r=0y=—-1,2z=-2. O
Problem 6.27 (Fritz Carlson, from |AoPS). For any real numbers a4, as, . . ., a, we have

mar oyt +ap)(a] +day £+ nta) 2 (@ o+ )
Solution (of user MatSeFner from the same source). Choose some arbitrary positive
numbers z,y and use the Cauchy-Bunyakovsky-Schwarz inequality in the form

1

2 2\ .2
(a1+a2+---—|—an) SZ($+yk )ak'zx_i_ka'

k=1 k>1

Because the function f(z) = is decreasing, we have

x4 yz?

r+yk? = ), v+y2?

k>1

It is immediate to check that the last integral equals 2\;@. Therefore, if we let S =
a?+a3+---+a?and T = a} + 4a3 + - -- + n?a?, then we have for all positive numbers

x,y the inequality

™

2\/Ty

And now, we can make a choice for x,y, so as to minimize the last quantity. It is not

(a3 4a5+---+a) < (Sz +Ty).

T 1

difficult to see that a smart choice is x = 3 and y = —. All that remains is to insert
x

these values in the previous inequality and to take the square of this relation. O
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Problem 6.28 (from|AoPS)). Let a, b, ¢ be positive real numbers such that ab+bc+ca <
3abc. Prove that

2 bQ b2 2 2 2
\/a+ +\/ e +\/C ra +3<v2(Vatb+vhtc+veTa).
a+b b+c c+a

Solution (of user from AoPS). We have
RHS =Y \/2(a+b)

2 2
_ Z (EFmp a? + b? N 2ab
a+b a+b

[a? + b? [ 2ab
ZZ a+b +Z a+b

2ab 1
32 vy
- 9v/2abe
“V(a+be+/(b+c)a+/(c+a)b
9v/2abc
~ /6(ab+ bc+ ca)

_ 3 / 3abc
N ab -+ be + ca
a? + b2 3abc
= > _ >
RHS =3 V2Aa+b)2 Y (|- 435 = > LHS

Problem 6.29 (Israeli training 15.12.2024, from |AoPS)). Let a, b and ¢ be non-negative
numbers. Prove that:

and

SO

]

a’b + a’c + b*a + b’c + Fa + b >
> (a+b—c)\/ab(a + ¢)(b + ¢)+(a+c—b)v/ac(a + b)(b + ¢)+ (b+c—a)\/be(a + b)(a + ¢).

Solution (from the posts of users MyLifeMyChoice and Ibh qys from AoPS). If
a,b, c are sides of a triangle then by AM-GM

S (a+b—o)yalb+ ble+a) < Z(Hb—c)“(b”);b(cm) =3 ab(a+b).

cyc cyc cyc

Now suppose that a,b, ¢ are arbitrary positive reals. WLOG a = min{a, b, ¢}. Then,

(b—c)v/ab(a + ¢)(b+ ¢) + (¢ — b)\/ac(a + b) (b + ¢)

)
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— (b—e)\/alb + o) <\/b(a o) —elat b))

a(b—c)?+y/a(b+c) < a(b—c)?
bla+c)+ +/cla+b) 2

where the last inequality follows from /a(b+ ¢) < y/b(a + ¢) and y/a(b+ ¢) < /c(a + b).

This is consistent with the estimation using the triangle version:

a(b— c)? a(b+c)+bla+c alb+c)+cla+b
bRy et thate) | alb)telath)
2 2 2
and since all the remaining coefficients are nonnegative, the proof from the triangle version
can be applied. O

—b)

Problem 6.30 (of user Grotex|from AoPS). Let a,b, ¢, d be non-negative and ab+ bc +
cd 4 da = 4. Prove that

1 n 1 n 1 n 1 >1
T+9a2 T4+902 7492 749d2 — 4

Solution (of user nexu from AoPS). WLOG assume a + ¢ > b+d. Then a +c¢ >
2, b+d<2,

1 1 1 1
7102 T T TTr02 T T o
8 | 1

>
ZatP+28 T Trod

B 8 N 14 — 18bd +-9(b + d)?

S 9(;4)7 +28 49— 126bd + 816°d +63(b + d)?

N 8 N 14 — 18bd + 9(b + d)’ 1
T 9(52)" 28 49— 126bd + 81bd (H9)* + 63(b + )2 4

9 (352" — 5922 + 28)

Sh=fb+d -bd+gOb+d) >0.If f() >0, h>g(z) = 10722 1 30) > 0.
2 1\2 2
If f(z) <0, hzf(x).<§)2+g(x) >0, o 9(9”64(%2(?35 %) >0, 0

Problem 6.31 (2024 IMOC A8, from AoPS)). a, b, ¢ are three distinct real numbers,
given A > 0. Proof that
14+ X2a%? 14+ N0 1+ M%c2a? _ 3

(a —b)? * (b —¢)? * (c—a)? Z§>\'

Solution (of users [starchan and AdhityaMV| from AoPS). Define z,y,z as 1/a, 1/,
and 1/c respectively. Denote f,(t) = & —_ Define f,, f. similarly. Consider the polyno-
mial P(t) = t. From Lagrange Interpolatlon on P with points yz, zx, and xy we obtain

the identity:

Jo@)fy (&) + fy () () + f2(8) fo(t) =
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We now note that Lt 22 .
+ A%a
D §[fz()\)2 + (=)

We now use the key estimate u? + v? + w? > max(uv + vw + wu, —2(uv + vw + wu)) on
the (cyclic) expressions f,(A) and f,(—\) giving
1+ \2a?h? N 1+ A2p%c? N 1+ \2c%a?
(a —0) (b—c)? (c—a)

]

Problem 6.32 (Vasile Cirtoaje, Gazeta Matematica, 80s, from |AoPS)). Solve the system
in nonnegative reals:

r+y+z=a+b+c,
dayz = a’x + by + %z + abe.

Solution (of user Ji Chen| from AoPS). We have

a’x + b*y + 2z + abe — dxyz

(@4 Vy+E2)(x+y+2)°  abe(r+y+2)P

B (a+b+c)? (a+b+c)
x be(x +y + 2) 2

:Z{( + 4}[y(a+b)—z(c+a)]

a+b+c)?  (a+b+c)

—dxyz

2
Zj—zj—i‘l [mab—c yb—zc)(b+c)} >0
with equality if and only if a =y +z -2, b=z2z+2x—y,c =z +y — 2. [

Problem 6.33 (ISL 1990 P24, from AoPS)). Let w,x,y, 2z are non-negative reals such
that wx + xy + yz + zw = 1. Show that

w3 £IZ’3 y3 23

+ + + 2
r+y+z wH+y+z wH+zr+z wHaxz+y

Wl

Solution (of user arqady| from AoPS). We have

(w—2)+(x—y)P?+(y—2)>*+(z—-w)?>0,

3
sow? + 22 +y?+22 > 1. Using%22@2—abwherea>0,b>0vveget

Z _Bw)” > GZw —Zwa ) >3(5—2+ (w—y)?+ (z—2)%) >9.

x+y+z
as desired. ]
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6.4 Unsolved Algebraic Inequalities
Problem 6.34 (from |AoPS). Given ay,as,...,a, € R, 21,29,..., 2, € C, prove that

ai+a3+---+ap

5 (1] + 1zl oo F 2l + |2 + 25+ + 22])

|ayz1+azz0t - Hanz,|* <
Problem 6.35 (from |AoPS). Let a,b,c,z,y,z > 0. Prove that

(a® 4+ 2%) (b + v7) (¢ + 2°) > (ayz + bzx + cay — xy2)”.
Problem 6.36 (from AoPS)). Prove that for reals a,b,c > 0

Al-a®)(1-0*) V(1 —a)(1-c2) a*(1-0)(1—-c?)

(1—a)?+(1-b)*+(1—0c)* > (ab+ c)2 (ac + b)? (bc + a)?

Problem 6.37 (of user Nguyenhuyen AG|from AoPS). Let a, b, ¢ and z, y, z be the
lengths of the sides of two triangles. Prove that

l[aly+z—z)+b(z+2 —y) + clx +y — 2)] (abyz + bezx + cary) > Yabcryz.

Problem 6.38 (from |AoPS)). For a,b,c > 0 prove that

1 1 1 4 fa+b b+c c+a
a+—)(b+-)(ct-)>2 - - .
a b c 3 c a b

Problem 6.39 (of user giwang| from AoPS). For reals a,b, ¢, d prove

2 (bed+acd+abd+abe)’ a?

(b+a) (c+a) (c+b) (d+a) (d+b) (d+ ) = (b+a) (c+a) (d+a)

v c? d?

(b+a) (c+0b) (d+b) (c+a)(c+b)(d+c) (d+a)(d+b)(d+c)
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7 Algebra and Analysis

7.1 Inequalities
Problem 7.1 (Asian Pacific Mathematical Olympiad 1999, from |AoPS)). Let aq,ao, ...

be a sequence of real numbers satisfying a;; < a; +a; for all 7,5 = 1,2,.... Prove that
+ 2480
a + =+ = +- — >a,
P n

for each positive integer n.

Solution (of user [jgnr| from AoPS). We will prove this by induction. Note that the
inequality holds for n = 1. Assume that the inequality holds for n = 1,2,..., k, that is,

as ag as ag
a; > ay, al‘i‘?Zaz? ceey a1+§—|—§+-~'+z2ak.

Sum them up:

a a
k:a1+(k:—1)32a2+---+?k2a1+a2+---+ak.

Add aq + ...+ a; to both sides:

(k+1) (a1+%+--~+%> > (a1 + ag) + (ag + ag—1) + -+ + (ap + a1) > kagyq.

Divide both sides by k + 1:

2 ay kayy1
25 LSS
a1+2+ +/£_k—|—1’
i.e.
a+%+% +—2>a
1 2 3 n
]
Problem 7.2 (from |AoPS). If a;,as,...,a, > 0 for some n > 1, then prove
1 2 3 n 1 1 1
—+ + +...+ <2l —+—+...+— .
aq ay + as aj + ag + as ap+as+ ...+ ay, aq a9 Ay,

Solution (of Nairi Sedrakian from the |post| of user Erken on AoPS). We have

1 S 1 1 1 n 1 /1 1 . 1 /1 1
ai ai 22 ay 22 32 3] n? (n + 1)2 ’

1 - 22 /1 1 n 22 /1 1 N 22 /1 1
ay  ap \ 22 32 as \ 32 42 ay \n?> (n+1)2)’
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from which we obtain that
2 1
RHS > —|1—=)+2 +
aq 22
1 22 n?
+2{—+—+---+—
a; Qs an,
Thus it is enough to prove that for any 1 < k <n

2 1+22+ +k2 ! > i
a;  ap k2 (k+1)2 atay+ - +ap

This follows from Cauchy-Bunyakovsky-Schwarz’s inequality

1 22 k? (k(k+1))? _ k3(k+1)
2| — 4+ 4 > .
(a1+a2+ +ak>(a1—|—a2—|— +ax) > 5 T

]

Problem 7.3 (Angelo Di Pasquale, from AoPS). Let n > 3 be an integer, and let
as,as, . ..,a, be positive real numbers such that asas---a, = 1. Prove that

(14 a2)*(1+az)®--- (14 a,)" > n"™

Solution (of user potlal from AoPS). Note that

1 1 ag
(@ +1) (ak+k 1t +k:—1) T

Therefore (ay + 1)F > ~—%—a;. Taking the product over all k we get

(k— 1)

n

H(ak +1)* > n"agas - - - a, = n".
k=2

Equality holds iff a, = k—il for all k, which is not possible. n
Problem 7.4 (Tuymaada 1997 p5, from |AoPS). For n € N, ¢ > 2 prove the inequality
1 1 1 q—1
I+ ) (1+—5 ) |1+ ) <—.
q q q" q—2
1
Solution (of user fungarwail from AoPS). Use the inequality In (1 + —) < =
x x

Zln(1+ ) Z_:_
1+ ) <o () St Sl 2
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Problem 7.5 (from |AoPS). Let m, M,r € N with » > 3 and ko, ..., ky € Z such that

M m

Z kir' = Z r

i=0 i=0
Show that

M

Z kil > m + 1.

i=0

Solution (of user L.M.|from AoPS). Obviously ky = 1 (mod r). Assume that ko = rg+1
(¢ may be negative). If ¢ # 0, we replace ky and k; with 1 and k; + ¢. Observe that
|ko| + |k1| will decrease at least by |¢|(r — 1) — 2 which is nonnegative for r > 3. So we
can assume that kg = 1. Hence

m

M
E /{?ﬂ‘z_lzg rit,
i=1

=1

By induction on m we are done. [

Problem 7.6 (Selected from the Kvant Magazine, Romania TST 2024 Day 1 P2, from

AoPS)). Let n > 2 be a fixed integer. Consider n real numbers ay, as, . . ., a, not all equal
and let
d = L— K — L — -,
lglg?én |ai — a;l; S Z |a; — aj
1<i<j<n

Determine in terms of n the smallest and largest values the quotient s/d may achieve.

Solution (of user EthanWYX2009 from AoPS). Fix M = maxa;, m = mina;, now d
is fixed. Since s is linear for all a;, it achieves its boundary values when any a; is either
M or m. Let k of them be m and n — k be M. Then s/d = k(n — k). So obviously the
maximum and minimum value are |n/2] - [n/2] and n — 1. O

Problem 7.7 (Sutanay Bhattacharya, India EGMO 2022 TST P1, from |AoPS). Let
n > 3 be an integer, and suppose x1,xs, - ,T, are positive real numbers such that
Ty + o+ -+ x, = 1. Prove that

1—x 1—x 11—z 1—x
xy Ay 4, <2

Solution (of Anish Kulkarni from the post of user Rg230403/ on AoPS). By Bernoulli’s

inequality

l’l_mwl = (]_ — (]_ - Z)’Ji))l_ng’l S 1-— (1 - J]Z)(l - J]H_l) < x;+ Lit1-

2

Summing cyclically yields the result. ]

Problem 7.8 (from AoPS). Let n > 3 be positive integer. z1,...,z, are reals such that
2?2 4+ + 22 = n(n — 1). Determine the maximum value of

Fo= ] (-

1<i<j<n
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Solution (of user Ibh qys from AoPS). Answer: 1! -22...n"
Let m = n(n — 1)/2, and introduce the probability theory Hermite polynomial
He, (), defined as follows:

[¥]

ep(z) =(—=1)"e2 e 2.
(1) = (-1ye? <
Let its zeros be a; > ay > -+ > a,, then a? + a3 + -+ + a2 = 2m.

Define Iy = Hi<j(az~ — a;), and assume xq > x3 > --- > x,,. Using the AM-GM

inequality, we obtain

Ti—T;j m

E T; — I'J < ZZ<] a;—a;

F, a; —a; m )
0 i<j i j

Using the properties of the Hermite polynomial, we have Z = —, thus

J#

n

Z o : Z
—_— = = a;T;.

a; — aj 2 i—1

1<j

CLZ‘—CL]’

By Cauchy-Bunyakovsky-Schwarz,

n n 12 ;. 1/2
Z a;r; < (Z a?) (Z :Uf) = 2m.
i=1 i=1

=1

- _ F m .
Hence Zm T < m. This implies T < <T> = 1. That is, ' < Fy. This

— A, — Qj 0 m

1<J
indicates that Fj is the maximum value of F'. According to the properties of the Hermite
polynomial, its discriminant is D(He,,) = 1! - 22...p™ O

Problem 7.9 (USAMO 2000/6, from AoPS)). Let aq, by, as, bs, ..., a,,b, be nonnegative
real numbers. Prove that

Z min{aiaj, blb]} < Z min{aibj, ajbi}.

i,j=1 i,j=1

Solution (of user thevictor| from AoPS). In the following, [ means integrating dz from
0 to +o00. We define the indicator function f(¢,x) = 1[t < z]. It is easy to see that
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/f(a,x)f(b, x) = /cf(a/c, x)f(b/e,x) and min{a, b} = /f(a,m)f(b, x). Notice that
Z min{a;b;, bia;} = Z /f a;bj, x) f(ba;, x)

1<ij<n 1<i,j<n

S /bbfal/bz,il? (s /b3.)

1<4,5<n

:/(Zbif(ai/bi,x)>2
/ (beal/bl,x> (Zal (bi/ai, ) >2
_/(bean,,x)( f(bi/a, ))

- Z /abfaj/bij>fb/aw )

1<4,5<n

= ) /fa,aj, fbib;, )

1<4,5<n

= Z min{aiaj,bibj}

1<i,j<n

as needed. O

Problem 7.10 (from AoPS|). Let 21, 29, ..., 2z, be n complex numbers with |z;| > 1 for
all 4 such that » 7, z, = 0. If 2 € C is such that |z| <1 then show that

n
Z |z — 2| > n.
i=1

Solution (of user Saucitom from AoPS). The proof relies on the following
Proposition 7.10.1. Let z,y € C such that |z| <1 <|y|, then

[z —y| = [1 -2y
Proof.

lz—y| > |1 -2y < [z]*+ |y|* — 2R(z7) > 1 + |z[*|y|* — 2R(27)
= |ylP(1—|z]*) >1— |z

[
Now, with |z] <1 < |z, we have
n n n
Z]z—zl\ 22]1—2_iz] > Zl—z_iz = n.
i=1 i=1 i=1
O]
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Remark 7.10.1 (of user Saucitom from AoPS). Inequality is still valid if |z]| > 1 as

n
E Zi — 2

i=1

n

Z|zi—z|2

=1

=n|z| > n.

Problem 7.11 (Dongyi Wei, from AoPS)). Let ay,...,a, € (—1,1). Show that

and determine all equality cases.

Solution (of David Kewei Lin from his blog post]). We will use the identity tanh ™' z =
3 5

1
R and the expansion tanh™ 'z = z + % + r +.... Then taking the logarithm of

In
— T
the LHS we have

1
> tanh~(aia) = Y p(af+ ) >0

1<i,j<n 1,3,5,...

as needed. The last expression is zero iff all the odd power sums > a¥ are zero. This
happens exactly when aq,...,a; can be divided into pairs z, —z with the remaining
numbers being zero. To see this sort the terms by magnitude in descending order. WLOG
a1 has the largest magnitude and is nonzero. Then

k
1+<@) +ee =0,
3]

Taking £ — oo we see that the only possibility is that there were an equal number of a;’s
and —ay’s. Then, we remove them and repeat the argument. O

7.2 Fourier Transform

Problem 7.12 (D.J. Newman, AMM, from |AoPS). Suppose that a polynomial ay +
a1z + -+ -+ a,x™ | a, # 0, has all its zeroes in |z| < 1 . Prove that

n
> klax|?
k=0

n

D |ax|?

k=0

>

SIE
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Solution (of user Saucitom| from AoPS). Denote the zeroes by oy, ..., a,, then

ZW o | PPt as

_ 1 " ot 2P/(ew) o0

1 n T ) eiG
=— P(e”)]— de
WE:/ PP
" ot
t li 1) e’ do
(integral is real) E / )| ?R(e _ak)

4 NE 1= R(e Pay)
m ;/_ﬂ [P 1+ |ag]? — 2R(e~Pay,) 9.

As || < 1, we note that both numerator and denominator in the above fractions are
positive, whence we have

1 — R(e Pay) 1-RePoy) 1

- > - = —.
1+ Jog)? = 2R(ePay) = 2 —2R(e Pay) 2

Finally,
a 1 [™n , N —
kKlae? > — [ 5|P(e”)Pdo = 5 g
> Hail' > 5 | 5P| 52l

]

Remark 7.12.1 (of user loup blanc from AoPS). Note that n/2 is the best bound;
consider ™ — u, where |u| < 1.

Problem 7.13 (from |AoPS). Let aq,...,a, be real numbers such that a; +---+a, =0
and a? + -+ + ai = 1. Find the maximum value of ajay + asas + - - - + a,a;.

Solution (of user Seungjun Lee from AoPS). Using Discrete Fourier Transform we
will prove that for reals with ay +as + -4+ a, =0

COS % (i az) > Z ;1.

=1

Let f(i) = a; for any i € {1,2,--- ,n}. Let & be the DFT of e. Then, f(n) = 0. Also, let
g(x) = f(x+1). Then

cos—(Za)—ZazazH—COS—Z‘f >

By Parseval’s theorem Fourier transform preserves inner product, i.e. (f,g) = (f,§).
Hence, from easy calculation we get

n

Zcosﬂﬁ
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2 n
Therefore, cos il E |f(E)|> = (f,g) >0, and this implies that
n
k=1

27[' n n
Cos - E a? > g Qi Qg1
i=1

=1

]

Problem 7.14 (Bhavya Tiwari, USEMO 2021 P5, from |AoPS). Given a polynomial p(z)
with real coefficients, we denote by S(p) the sum of the squares of its coefficients.

Prove that if f(z), g(z), and h(x) are polynomials with real coefficients satisfying
the indentity f(z) - g(z) = h(x)?, then

S(f)-S(g) = S(h)*

Solution. One can easily check that

1
= [ e,
0

st0) = [ 15 par- [ ot
( / (@) (e Wndt)
([

From this we obtain

v

2
| (e2it)] dt) — S(h)?.

[en]

7.3 Polynomials

Problem 7.15 (Putnam 2008 A5, from |AoPS). Let n > 3 be an integer. Let f(z) and
g(x) be polynomials with real coefficients such that the points (f(1),¢9(1)), (f(2),9(2)),

.., (f(n), g(n)) in R? are the vertices of a regular n-gon in counterclockwise order. Prove
that at least one of f(z) and g(z) has degree greater than or equal to n — 1.

Solution (of user Sly Si| from AoPS). Define P(z) = f(z) + ig(x). P is a polynomial
with complex coefficients. The claim that at least one of f and g has degree at least n—1
is precisely the claim that the degree of P is at least n — 1.

We can translate P(z) without changing its degree so that the polygon is centered
at the origin. Call the new polynomial Q(x). Now if we let z = et then for i =
1,2,3,...,n—1 we have Q(i + 1) = 2Q(7).

Now we define a new polynomial R(z) = Q(z+ 1) — 2Q(z). This has degree at most
the degree of ), and it has n — 1 roots. Therefore the degree of () is at least n — 1, as
desired. [
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Problem 7.16 (Putnam 1972 B6, from AoPS)). Let n; < ng < ng < --- < ny be a set of
positive integers. Prove that the polynomial 1+ 2" + 2™ + - .- 4+ 2™ has no roots inside
the circle |z| < \f L

Solution (of user djmathman from AoPS). Let P(z) = 1+ 2™ 4 2" + -+ 4 2", If
|z| > 1 then we are trivially done, so assume |z| < 1. There are two cases to consider.

In the first case, suppose n; > 2, and let z be a complex number satisfying P(z) = 0.
Then

2

EEED

< |2+ |2)* +

This means 1 < |z| + [2]%, or |2| > Y51,
In the second case, suppose n; = 1, and again assume z is a root of the given
polynomial. Then, instead of considering the polynomial P(z), look at

ne+1

(1—2)P(2)=(1—2) <1+z+z ”J) =1-22 +Z€mz

where each ¢, is either —1, 0, or 1. Analogous reasoning as in the previous case yields

ng+1

22+ E Emi™

m=3

1= <[P+ =

leading to the same bound as before. O
Problem 7.17 (from AoPS|). Let P(x) be a polynomial with real coefficients of degree
n such that |P(z)| <1 for all 0 <z < 1. Prove that

|P(=1/n)| < 2" — 1.

Solution (of user Tintarn). Equivalently, |P(z)] < 1 for all 0 < 2z < n and we want
|P(—1)| < 2! — 1. This follows directly from the formula (classical consequence of
equality of n'" finite differences)

%(—1)71—'@“ (” Z 1) Px+k)=0

for x = —1, the triangle inequality and the Binomial Theorem. O

Problem 7.18 (from |AoPS)). For z € C, let P(2) be a complex polynomial of degree d.
In other words,
P(2) = ag+ a1z + - - + ag2?,

where ag,...,a5 € C. Let S ={z € C: |z| = 1}, and suppose that
|P(2)| <1, Vzels.
Then prove that there exists a complex polynomial Q(z) of degree at most d such that

[P +1Q() =1, VzeS.
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Solution (of user cadaeibf| from AoPS). Given a polynomial P(z) = azz% + -+ + ay
with ag, ag # 0, we define

P*(2) i=agz? + - +ag = 2P(1/2).

Note that in our problem we may assume that P(0) # 0 (otherwise we can factor a power
of z which does not change the absolute value if |z| = 1), and similarly we will want

Q(0) # 0.

Now, if [z| =1 we have 27!

= Z, and so
|P(2)* = P(2)P(2) = P(2)P(1/2) = 2~ *P(2) P*(2).

Therefore, we would like to find a polynomial Q(z) = bgz? + - - - + by with by, by # 0 such
that the polynomial identity

P(2)P*(2) + Q(2)Q"(2) = 2*

is always satisfied. (Note that if any polynomial @) satisfies the equation it must satisfy
the two other conditions.)

Now, we want to find a condition for a polynomial g(z) of degree 2d (with g(0) # 0)
in order for it to be written as g(z) = Q(2)Q*(z). If such a polynomial Q(z) = bgz? +

d
<o by = by H(z — ) exists, we must have
j=1
9(2) = baba [ [(=5) [ [ (2 = )z — ;).
J J
2d
Therefore, if g(z) = c2q2°* + -+ + ¢g = caa H(z — ), we must have that the multiset
k=1

7777
77777

must satisfy arg(ceq) = arg <Hj(—a_j)), since arg(bgbg) = 0. Note that it did not matter

if we chose some specific o or its conjugate inverse a~!, since arg(a) = arg(@ ).

In our case, let f(z) = P(2)P*(z) and g(z) = 2% — f(z). We will check the two
conditions stated above for g. Firstly, we know that g(z)2~% € [0,00) for all z € S, i.e.
arg(g(z)) = arg(z?) Vz € S (although g may vanish on S, so we should actually restrict
the identity to where g doesn’t vanish).

Also, we note that since f = f* we must also have ¢ = g¢g*. Thus, the roots

.....

and {a; '}. We can have v, = v, ' when |y;| = 1, so we can at least divide the roots of
absolute value lower or greater than one. Now, we just need to prove that each root of
absolute value one has even multiplicity. Indeed, let v be such a root of ¢ with multiplic-
ity t. Using the fact that arg(g(z)) = arg(z?), the two limits of arg(g(z)) when arg(z)
approaches arg(«y) from above or from below must differ by ¢7 (it suffices to write g as
the product of its linear factors, whose arguments are all continuous at v except the ones
which vanish at 7, which acquire a phase of 7), which implies ¢ is even.
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Now, we need to check the second condition on the leading coefficient. Let us actually
check that twice the arguments are the same. On the left hand side we have arg(c3,). On
the right we have

arg(] [ (=a5)%) = ang([ [ %) = arvg(co/caa) = arg(caico) = arg(cs,)

where the last equality follows because ¢y = ¢34. Therefore, either g(z) or —g(z) can be
written as Q(z)Q*(z) for some Q. If we were in the second case, it would mean there
would be some @ such that |P(2)]? — |Q(2)|> = 1 for all z € S, which is a contradiction
unless |P(z)| = 1Vz € S, in which case we anyway have @) = 0. O

Problem 7.19 (from |AoPS)). Let n be a positive integer and P(x) be the polynomial
satisfying the following conditions:

(i) {ao,as,...,a,} is a permutation of {0,1,2,... ,n}.

(i

P(x) has n roots which are all real numbers.

i)
a) Prove that P(0) = 0.
b)

Find all such polynomials.

Solution (from the posts of users algorithm1| and |GreenKeeper|on AoPS). a) Assume
that 0 is not a root. Obviously P(z) has no root larger than 0. According to Vieta’s
formulas none of a; can be 0, contradiction.

b) We can show that n has to be less than 4. According to a), we can write P(x) =
xQ(x) where Q(z Zax and {a1,...,a,} = {1,2,...,n}. Q(z) has n —1

negative roots —xy, xg, e, —Zp_1. We have
n—1
anfl _ ZZ:]. :EZ n—1 _ n—1 ﬁ

SO

an_l nil Z:%
a an
(n—1) ="

Since the right part is larger than 1, we get a,,_1 = n.
If n >4 and a,, > 2 then

:{71> 2> — >
“ \/_ 3_n—1

which is a contradiction. So when n > 4, a, = 1 and

2052 2 Zzg 1,ij Lilj W
(n—l)(n—Z)an n—1)(n—-2) —

2an72 T 2
> gt > 92n1 > 1.
n—mn—2 =" =
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2an_2
(n—1)(n—2)

But 2 < (n—2) and a, 2 < (n—1) so < 1. This contradiction
shows that n < 4.

It is not hard to check then that the only solutions are the polynomials =, 2 +
2z, 222 + 1, 23+ 322+ 2, 22° + 322 + 1.
O

Problem 7.20 (from |AoPS). Let the polynomial P(z) have integer coefficients with
degree n > 5 and P(0) = 0. Know that P(z) has n distinct integer roots and the leading
coefficient is positive. Prove that the set of integer roots of the polynomial P(P(x))
coincides with the set integer roots of the polynomial P(z).

Solution (of user Double07| from AoPS). Consider the roots rg, 71,79, . ..,7,-1 of P(x),
with 7o = 0 and r; # r; for all ¢ # j. It means that

P(x)=ayx(z —ri)(x —1ry) - (x — 1)

and
P(P(z)) = a,P(x)(P(z) — m)(P(z) —r2) -+ (P(x) = 1)

)
It is obvious that all roots of P(z) are also roots of P(P(x)). Suppose now that
there exists k ¢ {ro,r1,re,...,7n_1} root of P(P(x)). Thus P(P(k)) =0 and P(k) =r;
for some i # 0. WLOG suppose i = 1. Then

ank(k —r)(k—mry)---(k—1rp_1) =11.
Since 19,73, ...,7r,_1 are pairwise distinct, we get
Ok = ra) (k= 7)o+ (k= )] 2 1 (1) 2+ (=2) o+ | > 2

because n > 5. Thus |r1| > a, - 2|k(k — r1)].
Since k ¢ {ro,r1,...,7m—1}, we can use the inequality ab > a + b — 1 for nonnegative
integers a, b and get

1 2 200 (k] + i — bl = 1) 2 2(ra| = 1) = || <2
But r; # 0 and r; = a,k(k —r)(k —rg)---(k — r,—1), which is impossible, since and

k.k—ri,k—ry, ...,k —r, 1 are n > 5 distinct integers, contradiction. O

Problem 7.21 (from |AoPS|). Given an equation

apr” + a1z 44 a,x+a, =0

n—1 2apa
with n distinct roots prove that > 02 2 where a; # 0.
n ay

Solution (of user Ibh qys from AoPS). Obviously, when n = 2, the statement holds.
For n > 2, if the polynomial f(x) has n distinct real roots x; < x93 < -+ < z,, then
according to Rolle’s Theorem, f’(x) has n — 1 distinct real roots located respectively
in (r1,zs), (re,23), ..., (Tn_1,%,). Applying the induction hypothesis to f’(x) completes
the induction. O

90


https://artofproblemsolving.com/community/c6h3470094p33571868
https://artofproblemsolving.com/community/c6h3470094p33571969
https://artofproblemsolving.com/community/c6h3468722p33545581
https://artofproblemsolving.com/community/c6h3468722p33550082

Problem 7.22 (Walther Janous, Crux Matematicorum, from|AoPS)). Let P(x) = agz™+
et an_1x+a, satisty |[P(x)| < 1forall =1 < x < 1. Prove that |ag+a12+. .. +a,2"| <
2" forall -1 <z <1.

2me

Solution (from [1] p.252, from the post of user rmtf1111 from AoPS). Let z; = cos —

n
n

for 0 <7< n. Let Q(X) = H (X — z;). Now interpolate:

o

— P(z)
; Q'(z)

Because T, (z;) = (—1)* and sgn(Q’(z;)) = (1), where T}, is the n-th Chebyshev poly-
nomial, we have equality case for P = T,,, thus

np G)’ - (1)‘ VI (- VT2

Problem 7.23 (Bulgaria Balkan MO TST 2025, from |AoPS)). Does there exist a poly-
nomial P in one variable with real coefficients such that the equation P(xy) = P(x)P(y)
has exactly 2025 ordered pairs (z,y) as solutions?

H(l — xzj)

JF

—~ 1
S;mn(l—i’fzj)-

JF

2

]

Solution (of user samil618|from AoPS). Answer: Yes, such a polynomial exists.
Let aq, as, ..., a, be distinct non-zero real numbers and consider the polynomial

n

P(z) = — H(z —;)?

i=1

Since P < 0 for all real numbers, P(zxy) < 0 < P(x)P(y). Thus we must have P(zy) =
0 = P(x)P(y). In other words zy and at lest one of z and y must lie in {aq, ag, ..., a,}.
Let N be the number of ordered integer triplets (i, j, k), with 1 < 4,5,k < n, such that
;0 = 0.

The number of ordered pairs (z,y) where both x and zy lie in {ay, a9,...,a,} is
n?. Similarly, the number of ordered pairs if y and xy lie in {ay, @, ..., a,} is n?. The
number of ordered pairs where x, y, and xy all lie in {ay, g, ..., a,} is equal to N. Thus
the total number of pairs that satisfy the equation is 2n? — N (to see this just draw Euler
diagrams).

Now it suffices to exhibit a set {ay, as, ..., a,} where 2n? — N = 2025. Consider the
set {216,217 .. 298} Tt is not hard to see that n = 33 and N = 153 giving 2n?—N = 2025
as required. O

7.4 Lagrange Interpolation

Problem 7.24 (Crux Matematicorum, [1] p.244, from AoPS)). Given is a monic poly-
nomial f of degree n with real coefficients and integers ¢y < ;1 < -+ < x,. Prove that

n!
there exists some positive integer k such that |f(xy)| > —

jti 2’)7,'
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Solution (of user lone vagabond|from AoPS). According to Lagrange’s interpolation

formula n

(x —xg) (x —x1) -+ (T — zp)

where

f (xx)
H?:O,j;ék (zp — x5)

For the condition on z;, the inequality |a; — a;| > |¢ — j| holds. Thus

T =

n

I @—=zp= [ Ik—il=kn-kW

J=0,j#k J=0,3#k

|f @)l |f ()] (n
el S o T (k;)

Also as f is monic, multiplying both sides of (1) by x and letting x — 0o, we see that
1=>5"}_,r and therefore

Thus

|f xk M 2”
1—Z%<Z! !<Z —H,Z
where M denotes max (| f (zo)|,|f (z1)|, ..., |f (z)]). Thus, M > 2 which implies that
|f (2;)| > 2 for some index i. O

Problem 7.25 (H. S. Shapiro, Iranian Olympiad, [1| p.242, from |AoPS). For n > 2 let
x1,Z, ..., T, be n distinct real numbers in the interval [—1, 1].Prove that

Z > on=2

i=1 Z
where t; = H |z — 4.
JF
Solution (of user [EthanWYX2009| from AoPS). Consider the Chebyshev polynomial
T,—1(z) such that T,,_1(cos ) = cos(n — 1)6. Lagrange gives

Toa(z) =Y (H ’ __Zf]) T (22).

=1 \j#i

Thus the coefficient of z"! in T,,_;(z) is equal to

22 = (" YT a(2) = D) (Hi‘_i’}) ZH e

i=1 j#i J#1 (.CEz

Let x; = cos®; so |T,,_1(z;)| = |cos(n — 1)6;| < 1. Then

n

T,
H];éz ('TZ -

271—2 S
i=1

S|=sh
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Problem 7.26 (from |AoPS). Let x1, o, ..., x, be pairwise distinct non-zero numbers.

Prove that
Z H —_— 1 :
= i T  T1Xa...Tp

Solution (of user ThE-dArK-10rD| from AoPS). It is equivalent to

i=1 ]757, i=1 j#i

where f is the polynomial degree < n — 1 that f(z;) =1 for all 1 <i <n. It’s clear that
f=1,s0 f(0) =1, done. O

Problem 7.27 (Mohammadmahdi Yazdi, Iran 3rd round 2011 algebra exam p3, from
AoPS). We define the polynomial f(z) in R[z] as follows:

f(.l’) =" + an—an_2 + an_3xn—3 + ... +axr + ap.

n!

Solution (of user boxedexe|from AoPS). Let g(z) := f(z) — 2™. By Lagrange Interpo-
lation,

Prove that there exists an i € {1,...,n} such that |f(i)| >

glx) = (x —j)
ZH )E

> M T (-1)

i=1 j#i

J#Z

n—1

Dividing by 2"~ and taking x — oo, we obtain

or equivalently
S (7)vri = i) i,
i=1 i=1

It is not hard to prove (using Lagrange interpolation for ™ and considering the coefficient
of 2" 1) that the left hand side is w (see |1, p. 241]). If for all i € [n], | f(i)| < 2

@7
then

n+1

|5

S (o gie g

contradiction. O
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7.5 Analysis

Problem 7.28 (International Zhautikov Olympiad 2022, Day 2, Problem 6, from |AoPS|).
Do there exist two bounded sequences aq, as, ... and by, by, ... such that for each positive

integers n and m > n at least one of the two inequalities |a,, —a,| > 1/y/n, and |b,, —b,| >
1/4/n holds?

Solution (of user starchan from AoPS). The answer is negative. Mark points P, =
(a;, b;) on the plane. Note that the conditions given, up to scaling are equivalent to

1 1
having P,,P, > —————. This can be better written as 2P, P, > — + —.
/min(m, n) vm o \/n

Proceeding by contradiction let I" be a huge circle containing all the given points P;. Let

v be the circle centered around Py with radius m Note that all the 74 are disjoint.

Now each ~; has radius at most 1 and thus we may increase the radius of I' by 2, keeping
the center constant, so that each 7, C I'. Thus the area of I' is at least the sum of areas
of the ;. However, the sum of areas of the ~; is infinite since they are the sum of a
harmonic series. But I" has finite area and this is a contradiction. O

Problem 7.29 (Holden Mui, 2023 USEMO, from |AoPS). Each point in the plane is
labeled with a real number. Show that there exist two distinct points P and ) whose
labels differ by less than the distance from P to Q).

Solution (of user blackbluecar| from AoPS). Assume for the sake of contradiction such
a labeling £: R? — R exists that for all X,Y € R? holds /(X) — £(Y) > XY.

Claim: For any interval [a,b], all the points X € R? obeying /(X) € [a,b] can fit
inside some disk of area 7(a — ).

Note that if ¢(X),4(Y) € [a,b] we must have XY < b — a. So, if we fix some
¢(0) € [a,b] then every point lies inside the circle centered at O with radius b — a. Thus,
has area m(a — b)%. [

So, we define the function

%+%+---+% forn>1
H(n)=<0 forn=0
—H(—n) forn < -1

It is well known that as n gets arbitrarily large, so does H(n). Thus, as n gets arbitrarily
small so does H(n). So, for every X € R* we have ¢(X) € [H(n), H(n + 1)] For some
n € Z. By our previous claim, there are some fixed disks ..., D_1, Dy, Dy, ... where D,
has area 7(H(n) — H(n +1))? for all n € Z, and their union contains every point in R?.
But,

=1 3
2 _ _
> - (H(k+1) — H(k)) _zwzﬁ =5 <o
kEZ k=1
and thus cannot cover the whole plane. O]

Problem 7.30 (IMO ShortList 2002 A2, from |AoPS). Let aj,as,... be an infinite se-
quence of real numbers, for which there exists a real number ¢ with 0 < a; < ¢ for all 7,
such that

1
a; — a;| > —— for all 7, j with ¢ # 7.
| il = i+ J #J
Prove that ¢ > 1.

94


https://artofproblemsolving.com/community/c6h2783542p24454688
https://artofproblemsolving.com/community/c6h2783542p24464335
https://artofproblemsolving.com/community/c6h3181744p28992221
https://artofproblemsolving.com/community/c6h3181744p28992260
https://artofproblemsolving.com/community/c6h17331p118699

Solution (of user [pi37| from AoPS). Consider ay,as,---a, and let by, by, ---b, be this
sequence in sorted order, and suppose b, = a;,. Note that

n—1

1 (n —1)?
> by — by =Y |berr — byl > = :
¢z 1 kz; | k+1 k| Z Zk’ —+ Zk-i—l o Zl + 222 + -+ 2271—1 + in

(m-1° (-1

>
“1+42423+---4+n) n’4+n-3

so as n approaches infinity, we recover ¢ > 1. ]

Problem 7.31 (Balkan MO ShortList 2010 A2, from |AoPS)). Let the sequence (ay,)nen,
where N denote the set of natural numbers, is given with a; = 2 and a,,41 = a% —a,+ 1.
Find the minimum real number L, such that for every £ € N

G
2 <t

Solution (of user GorgonMathDotaV| from AoPS). Wow, Nice Problem! I claim that

1

L = 1. Firstly, We need L to be g — for obvious reasons. We just need to prove that
a;

i=1

1
Z = 1. Notice that a1 — 1 = a2 — a, = a,(a, — 1),
Q;

=1

oo

Therefore,

]

Problem 7.32 (Iberoamerican Interuniversity Mathematics Competition 2020 P6, from
AoPS)). For a set A, we define A+ A = {a+b:a,be A}. Determine whether there exists
a set A of positive integers such that

=0.

S and g A2 )
a

n—-+oo n
acA

Solution (of user |[dgrozev| and post of user XbenX| from AoPS). Such a set A does
exist.

Let ; > 0,4 =1,2,... be any decreasing sequence of real numbers converging to 0.
By A<,, we denote the set of those elements of A less than or equal to n.

We consecutively construct a (rapidly increasing) sequence n; € N and choose the
numbers in A as follows: ny = 1 and A<,, := {1}. Suppose n;_1, i > 2 is already
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determined. We choose N big enough such that N > n;_; and |A<,, , + A<, ,|/N <&
and add to A the numbers jN,j =1,2,...,m where m is large enough such that

m

1

j=1

1
Set n; := 2mN. Apparently Z — diverges. It remains to prove that the density of A+ A
a
acA
inside [n] :={1,...,n} for any n > N is less than 3¢;.
Indeed, for N < n < 2mN, let k& € N be such that (k — 1)N < n < kN and let
S ={N,2N,...,kN}. Then

[(A<kn + A<pn) N ]|
< |(S+ S) M [n” + |<A§ni—l + S) N [n“ + |<A§ni—1 + Aﬁni—l) N [n]l
< k+ \A§n¢_1|k + |ASm—1 + A§n¢—1"

Now divide the above inequality by (k — 1)V to get the density is less than 3e;. O

7.6 Other Problems

Problem 7.33 (ELMO 2019 Problem 2, 2019 ELMO Shortlist A3, from |AoPS). Let
m,n > 2 be integers. Carl is given n marked points in the plane and wishes to mark their
centroid. He has no standard compass or straightedge. Instead, he has a device which,
given marked points A and B, marks the m — 1 points that divide segment AB into m
congruent parts (but does not draw the segment).

For which pairs (m,n) can Carl necessarily accomplish his task, regardless of which
n points he is given?

Solution (of user Martin2001 from AoPS). The answer is for all (m,n) such that
rad(2n) | m.
Let the points be x1, 22, ..., z, on the complex plane. Every time we use the device

a;x;
Z—;l, where >~ a; = mF. For this to be the

centroid we need all a; to be equal. Therefore m must have every prime factor of n.

Now we show that m is even. Consider the last use of the device when m is odd.
Note that at least one a would be even, contradiction (because if we manage to construct
the centroid then all the a; would be equal and even while there sum will be m* and
odd).

Now we show that this is sufficient. First, list out all the primes dividing n. For
each of these primes note that we can find the centroid of a subset with that number of
points. To do this just calculate the midpoints of disjoint pairs, with one point being
left out. Then we have a new subset with p%l points (the midpoints) plus the one point

we end up with some fraction of the form

left out. If ’%1 is a power of 2 then we can continue the previous process on this subset
until we get its centroid, and then we can just use the device on this centroid and the
left out point to get p | m equal segments between them, one of whose endpoints will be
the centroid of the initial subset with p points. If not, continue the process on the set of
p%l points until it reaches some subset with a power of 2 points.

Therefore we can just choose some prime p from the list, then partition the set of
all n points z; into p-element subsets, and find the centroid of all these subsets. Now we
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continue this on the new set of % points (centroids) until we run out of primes, where we
have the centroid of all x;. O

Problem 7.34 (Silk Road 2024 P4, from AoPS). Let aj,as, ... be a strictly increasing

sequence of positive integers, such that for any positive integer n, a,, is not representable
n—1

in the for Zciai for ¢; € {0,1}. For every positive integer m, let f(m) denote the

1=

1
number of a; that are at most m. Show that for any positive integers m, k, we have that
Fm) < ap+ —2.

Solution (of user Ibh qys from AoPS). For each i define S; = a1 +as + - -+ + @; and
study the following ¢ — 1 distinct sums:

a; +S1,a; + Sz, ...,0; +Sj_1.

Since these sums all involve distinct terms from aq,as,...,a; and no element in the

sequence can be expressed as the sum of distinct earlier terms, all these sums represent

numbers not in the sequence. For the same reason, all these sums are distinct for all

distinct ¢. Indeed, if say a; + .S, = a; + .S, for some 1, j,p,q with p < ¢,¢ < j,p < ¢, then
q

t>jand a; = a; + Z a;, contradiction with the problem condition.

l=p+1
Next, we estimate how many such sums a; + S; with ¢ > j there are.

e For a; < ag, we consider all the sums defined above, so for elements not greater

k(k—1)

than ag, there are 0+ 1+2+4---+ (k—1) = such sums.

e For a; < a; < m, we consider for each a; only adding to the first £ sums S, 7 < k to
produce the size constraint. Thus, for each element, exactly k£ sums are produced,
and there are f(m) — k such elements a;.

Overall, this produces
k(k—1)
S k() — k)
distinct sums.

Now we compare the last number with the total number possible sums. These distinct
sums are all less than or equal to m + Si. Therefore, the number of distinct sums must
be bounded by the number of positive integers less than or equal to m + .S, that are not
in the sequence.

Since there are exactly f(m + Si) elements of the sequence less than or equal to
m + Sk, the number of sums less than or equal to m + S; that are not in the sequence is

bounded by (m + Si) — f(m + Si). Hence

k(k—1)
2
Since the function f(m) is non-decreasing, we get f(m + Sx) > f(m). Furthermore,
since the sequence is strictly increasing and ay is greater than any previous element, we
get ap > a; + k — ¢ for all © < k whence
k(k—1)
2
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Applying these findings to (2]) we get

(k+1)f(m) < kf(m)+ f(m+ Sk)
k(k+1)

<m+ S;+ 5

<m+ka, +k
<m+ (k+1)a

or simply f(m) < ax + as needed. O

m
k+1
Problem 7.35 (from [AoPS). Find all integers n > 3 such that for any sequence of

numbers z1, To, .. ., T, € Ry with max(zy,...,z,) < nmin(xy,...,x,), there exist three
numbers which are the sides of an acute-angled triangle.

Solution (of user RagvaloD|from AoPS). WLOG z; < x5 < ... < z,,.
For n < 12 we can choose z; = v/ F; where F; is the Fibonacci sequence.
If n > 12 then at least one inequality 27,, > @7, | + 27 is wrong, since otherwise

n%f > xi > Fn_gxf + Fn_lxg > Fna:% = n’>F,

but this inequality is true only for n < 12. O

7.7 Unsolved Algebra and Analysis

Problem 7.36 (from AoPS)). Let w be the root of the polynomial equation with real
coeflicients
b a, 12"t a, 02" P+ a1z +ag=0

where n is a positive integer and ai < a;, for all k = 0,1,...,n — 1. Prove that R(w) is
less than %.

Problem 7.37 (from [AoPS)). Given a polynomial P(z) = 229 4 aggo322% +. . .+ ayz+1
with real coefficients. It is known that |a1012| < 2 and ap = agoes—x, Vk = 1,2, ...,2012.
Prove that P(x) can’t have 2024 distinct real roots.

Problem 7.38 (from AoPS). Prove that for every positive integer n > 2 the roots
(solutions) over C of the equation 2"71(2" + 1) = (z + 1)" have the same absolute value.

Problem 7.39 (from |AoPS). Let P(z) be a polynomial with real coefficients such that
all its roots are real and nonzero. Prove that there are no two consecutive coefficients
both zeros.

Problem 7.40 (Sharif University of Technology contest 2008, Day 1, from |AoPS). Let
To < X9 < -+ <z, and f, g be two real functions. Prove that:

fglzo, @1, . 2] = Zf[$07---,xi]g[wz‘;---,lﬂn]
i=0

(flxo, - .., xy,) is the interpolation polynomial for function f at points xy,. .., zx.)
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8 Linear Algebra

Problem 8.1 (2024 Iberoamerican Interuniversity Mathematics Competition P2, from
AoPS)). Let n be a positive integer, and let M, be the set of invertible matrices with
integer entries and size n x n.

(a) Find the largest possible value of n such that there exists a symmetric matrix
A € M, satisfying
det(A% + A**) < 2024.

(b) Prove that for every n there exists a matrix B € M,, such that

det(B* + B*) < 2024.

Solution (of user |AkosS| from AoPS). A € M, is symmetric, so its eigenvalues \; are
real and nonzero and det A is a non-zero integer. Use AM-GM:

det(A% + A?*) = (det A)® det(A* + 1)
= (det A TN +1) > (det A)* T[(2X7) = 2"(det A)** > 2",

j=1 j=1

As 211 > 2024 > 2% 10 > n and the identity matrix is a good example. ]

Problem 8.2 (Michel Emery, AMM, from |AoPS). Let d be a positive integer, and let S

be a subset of R? such that any two distinct elements u and v of S satisfy u-v = —1.
Show that .
PERLEEES
2 p—
vES 1+ |U|

and that equality occurs if and only if S is linearly dependent.
Solution.

Lemma 8.2.1. Let S a subset of R? such that any two distinct elements u and v of S
satisfy u-v < 0. Then S is finite and |S| < d + 1.

Proof. This result is proved by inducting on the dimension d.

If d =1, then |S| < 2, because among three non zeros vectors, at least two lie in the
same half-plane and their product cannot be negative.

For a general d, fix some v € S. By considering the orthogonal projection on Ruw,
every u € S\ {v} can be written uniquely as

U= QU+ Uy

where uy € H = Vect(v)*. The inequality u - v < 0 implies a,, < 0.
We now define the family S" = {uy : u # v}. This is a subset of vector lying in H, a
subsace of dimension d — 1. Moreover, any two distinct elements uy and wy in S’ satisfy

Up - Wi = U+ W — Qi |V]? < 0.

By induction hypothesis, |S’| < d, so that |S| < d+ 1. O
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We consider now a subset S of R? such that any two distinct elements satisfy u-v =
—1. By the preceding lemma, S is finite and we will write S = {vy,...,v,}.

Lemma 8.2.2. .

> !
1+|'UZ'|2 -

=1

with equality if and only if the v; are linearly dependent.
Proof. Let G = (v; - v;)1<ij<n be the Gram matrix of the vectors of S. We write
G=D-J

with

- D the diagonal matrix with entries 1 + |v(|?, ..., 1+ |v,|?,

- J the all-ones matrix (1);<; j<p-
A Gram matrix is symmetric positive, hence

0 < det(D™ 1) det(G) = det(D'G) = det(I,, — D).

To finish the proof, we simply need to show that the latter determinant is equal to
>
i—1 1+ |Uz‘|2 .
In its current form, this determinant is not very easy to evaluate. So we will make a
change of basis.
Note that J has two eigenvalues n and 1 with respective mutiplicity 1 and n — 1,
and that

U1_\/ﬁ<1’71)
is a unit eigenvector associated with n. As J is symmetric, it is diagonalisable in an
orthonormal basis P = (uq,us, ..., u,) where (usg,...,u,) forms some orthonormal basis
of Ker(J).
We express I, — D7'J in this new basis. This amounts into computing P (I, —
D=YJ)P = I, — PTD='JP. Note that

Vi 0 ... 0

B

H
+
s

S

NG
prp-typ— prpt | V0 O pr | e
n 0 ... 0 \/ﬁ
vn s 0 0
i ﬁ 0 0
B * 0 0
* 0 ... 0
Expressed in the basis P, I, —D~'J is thus simply a lower triangular matrix with diagonal
1
-3 m, 1,...,1. The determinant follows and in particular, there is equality
(%
if and only if the elements of S are linearly dependent. O]
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Problem 8.3. Let A = a;; is a square symmetric real matrix. Prove that
Z e < tr(eA
i

Solution. A is symmetrical so exist a diagonal matrix A = diag{)\l, ..., A\n} and an
orthogonal matrix S = {s;;} such that A = S~'AS. Then tr(e®) = tr(e Z e™. Also

Z siAi by 571 = ST, as well as Z s;. =1 for each j. By Jensen’s mequahty

Z 82-6>\i > eXi Tih — %
Hence tr(e Z Z—ZZ "zz%j. ]
J

Problem 8.4 (Fedor Petrov, IMC 2016 P2, from |AoPS)). Let k and n be positive integers.
A sequence (Ay, ..., Ag) of n xn real matrices is preferred by Ivan the Confessor if A? # 0
for 1 <i <k, but A;A; =0for 1 <4, j <k with ¢ # j. Show that £ <n in all preferred
sequences, and give an example of a preferred sequence with k = n for each n.

Solution (from the same source). For every i = 1,...,n, since A; - A; # 0, there is a
column v; € R™ in A; such that A;v; # 0. We will show that the vectors vy,..., v, are
linearly independent; this immediately proves k < n.

Suppose that a linear combination of vy, ..., v vanishes:

c1v1 + -+ v = 0, Cl,---,CkG]R.

For i # j we have A;A; = 0; in particular, A;u; = 0. Now, for each i =1,...,n, from

Mw

0=A(crvg + -+ + ug) = ci(Av;) = ci(A;)

7=1
we can see that ¢; = 0. Hence ¢y =--- =¢, =0.
The case k = n is possible: if A; has a single 1 in main diagonal at the ith position
and its other entries are zero then A? = A; and A;A; = 0 for i # j. O

8.1 Unsolved Linear Algebra

Problem 8.5 (Ky Fan, AMM, from |AoPS)). Let A, B be two positive definite Hermitian
matrices of order n , and let C'= A+ B . For any positive integer p < n , let A, denote
the principal submatrix of A formed by the first p rows and columns , and let B,, C,, have
similar meanings . Prove

det C\ ™7 _ (detA\™* L (detB =

det C, — \detA4, det B,
Problem 8.6 (fof user ylt chn|from AoPS). Let Ay, A,, ..., A; € M,(R) are invertible
matrices such that for any different ¢, j A; + A, is singular. Find the maximal possible k.
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9 Analysis

9.1 Measure

Problem 9.1 (Donald Girod, AMM, from |AoPS). Let f : [0,1] — R be a continuous
function with f(0) = f(1) = 0. Show that the Lebesgue measure of {h : f(z + h) =
f(z) for some z € [0,1]} is at least 3.

Solution (of user Saucitom from AoPS). We need to prove that
A={hel0,1]:3x € [0,1—=h], f(z) = f(z+h)}.

has Lebesgue measure at least 1/2.
Extend f into a 1-periodic function and note that for any h € [0, 1],

1
/ f(x+h)— f(x)dz =0.
0
As f is continuous, the integrand must cancel at some point = € [0, 1]. Hence,

[(e+h) = f(2)

lfx+h<1l,thenhe A Ifz+h>1 welety=x—1+ hsothat y,y+1—h €[0,1].
Moreover, by 1-periodicity,
fy) = fly+1=h),
so that 1 — h € [0,1]. In particular, if h € A, then 1 — h € A. This amounts into saying
that the application
A— A
-

h—1—h

is injective. As f preserves Lebesgue measure, |A| = |f(A)| < |A|, hence |A| >

N —

9.2 Integral Inequalities

Problem 9.2 (of user ionbursuc from AoPS). Let f(z) be a continuous and convex
function on [0, 27] Show that

2m
/ f(z) coszdx > 0.
0

Solution (of user WWW/| from AoPS).

Lemma 9.2.1. If f convex on [0, 27| then f(z + 7) — f(z) is an increasing function on
[0, 7].

Proof. If © <y, we want to show f(y +7) — f(x +7) — (f(y) — f(z)) > 0. If we divide
by y — x, we are comparing slopes of secant lines on the graph of f. Because f is convex,
these slopes increase as we move to the right. This gives the result. O]

Lemma 9.2.2. If g decreases on [0, 7], then / g(x)cosxdx > 0.
0
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Proof. The integral equals

w/2
/0 lg(m/2 — x) cos(m/2 — x) + g(7/2 + x) cos(m/2 + x)] dx.

Now cos(m/2 + x) = — cos(m/2 — x), so the last integral equals

w/2
/0 l9(n/2 — ) — g(m/2 + )] cos(m/2 — ) da.

Because g is decreasing, the last integrand is > 0, giving the lemma. O]

2w

So now assume we have f continuous and convex on [0, 27]. Then f(z)cosxdr =

0
T

[f(z) = f(x+7)] cosx dx. Lemma 9.2.1 implies f(x)— f(z + m) is decreasing. Lemma
0
9.2.2 then finishes the proof. O

Problem 9.3 (from AoPS). Let f : [0,1] — R be a continuous differentiable function
1

satisfying f(xz)dz = 0. Prove that the following inequality holds:

2 [ swrar< ([ 1) ([ 17wer).

Solution (of user newuser58165| from AoPS). Note that the following holds:

[ rwra= [Caw [ [ roas o]
//f (t)dtdz + f(0 /f
//f t)dtda
//If (t)|dtdx

/Olf(x)zdx—/ { /f )t + £(1 }
//f (#)dtdz + F(1 /f
//f )dide
//|f (1)) dtda

By summing these, the following holds:

[ srar< [ [ ywroiae = [ i [ 17w
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Problem 9.4 (from AoPS). Let f: R — R a differentiable function such that f(0) =0
and 0 < f'(t) <1 for all £ € [0,1]. Show that:

( /0 1 f(t)dt)2 > /0 (o)t

Solution (of user naenaendr|from AoPS). The key is to define a new function as follows:

Glz) = (/Omf(t)dt)Q - /Ozf(t)3dt.

Since G(0) = 0, it suffices to show that G is increasing.
For GG to be increasing, we require

¢'0) =21() [ f0de— 1@ = 50) (2 [ st~ £0) 0

for z € [0, 1].
Since f(z) > 0 for all € (0, 1], all we need to show is that H(z) = 2/ f(t)dt —
0

f(z)> > 0 on [0,1]. Notice that H'(x) = 2f(x) — 2f(2)f'(z) = 2f(2)(1 — f'(z)). We
know that this is > 0 given 0 < f'(¢) < 1 for all ¢ € [0, 1]. So we are done. O

Problem 9.5 (from AoPS). If f (z) is a continuous real function and

/Olf(x)dx:/ole(x)dx:~-:/le”1f(x)da::1,

1
prove / 2 (x)dx > n®.
0

Solution (of user ysharifi from AoPS). We will solve the problem by using properties
of Hilbert matrices.
An n x n Hilbert matrix is defined by H,, = [a;;], where

1

Qi = —
T+ —1

for all 1 < 4,7 < n. It is known that H, is invertible and if H, ' = [b;;], then Z bij = n’.
,J

Since H,, is invertible, there exist real numbers pg, - - - , p,_1 such that
- Pi-1
periC sl Al
n—1
for all 1 < 7 < n. So the polynomial p(x) = Z pex” satisfies the conditions
k=0
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n—1 n—1

Clearly Zpk is the sum of all the entries of H ! and so Zpk = n?. Now let f be a
k=0 k=0
real-valued continuous function on [0, 1] such that

1 1 1
/ f(x) dx:/ xf(x) de = :/ " f(z) de =1
0 0 0
and let p(x) be the above polynomial. Then since

(f(2))* = 2f (2)p(z) + (p(x))* = (f(z) — p(x))* = 0,

integrating gives

[ ey =2 [ e do- [ @ere =23 n [ i@ -
ipk/ a¥p(z) do = 22]% - ipk = ipk =n’.
k=0 0 k=0 k=0 k=0

Problem 9.6 (from |[AoPS|). Let 0 < a < b. Prove that for any continuous functions
fila, bl = R,
b b
/ / DI 44y > 0.
a Jo (@+Yy)

Solution (of user jysharifi from AoPS). Use the identity

= —(@ty)zg O]
zZe Z.
(v +y)? /0

9.3 Functional Analysis
Problem 9.7 (of user Dattier| from AoPS). Let (f,)nen € C([0,1]) with

1 & span{f, | n € N}.
Does there exist a real vector space V' dense in C([0, 1]) so that
V Nspan{f, | n € N} = {0}?

Solution (of user Phorphyrion from AoPS). Let U = span{f, | n € N}. We will take
V to be one of V; = span{l,e®® e** ...} for some t € R. By the Stone-Weierstrass
theorem V; is a dense subspace for any t # 0.

Suppose FTSOC that V; N U # {0} for each t # 0. Let S be a set of representatives
for R*/Q*. Note that nt # ms for each t # s € S and m,n € Z \ {0}.

For each t € S pick a nonzero vector v; € V;NU. Because U is of countable dimension
we must have some linear dependence among the v;; there are constants ¢;, almost all 0

but not all 0, so that
Z CtUy = 0

t

However, as the functions e'* are linearly independent, we must have v; constant for each
t, which is a contradiction as 1 ¢ U. O
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9.4 Other Problems

Problem 9.8 (of user Dattier| from AoPS). Let N € N* and f € C([-1,1]) be a
non-constant function. Is it true that 3z € R

go (‘Z) (—=1)* f(sin(z + k)) = 07

Solution (of user calculon from AoPS). Consider the function

g(t) =" (]Z) (—1)* f(sin(t + k).

We have
/_:g(t) dt = é @7) (—1)* /_:: f(sin(t)) dt = AkZNO @7) (—1)* =0,

where

A= / " F(sin(t)) dt.

This is owing to the fact that f(sin(¢)) is 27-periodic so / f(sin(t)) dt = / f(sin(t +
k)) dt for every k. Thus there exists x such that g(x) = 0. ) O

Problem 9.9 (from the video of user Michael Penn on YouTube). Let f : R — R.
Then, as long as the following integrals converge, they are equal:

/_(:f(x)dx:/j:f(x—é)dx.

Solution (from the same source). We have

> 1 0 1 > 1
flx——=|dx= fle——|dx+ flx——)dx
o T o T 0 x
: ¢ 1 : ° 1
= lim f <x — —> dr + Sll}rglo f <x — —) dz.
ta—i:Oo_o t T b—ot Jb T
Substitute u = —1/x, whence z = —1/u and dx = (1/u?)du. The sum becomes

—1/a 1 1 —1/s 1 1
lim f (u — —) —du+ lim f (u — —) —du
u) u u

t——o0 5—00
Lo YU b—0t 7/ —1/b u
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[ty Lo [ o)
LoDt
S (ORI

1 1
Now notice that 1+— =d <x — —) . Thus, after using the argument with limit as above
x x

and substituting u = x — — in each of the last two integrals we see that each of them is
x

equal to / f(u)du which finishes the proof. O

Problem 9.10 (G. Halasz, Miklos Schweitzer 1976, from |AoPS). Let S, Z

(v =0,£1,+£2,...), where the b; are arbitrary and the z; are nonzero complex numbers
Prove that

|So| <n max |S,|.
0<|v|<n

n

Solution (of user oty from AoPS). Let H (z — zj) Zakz and Jnax ]ak\ = |am|-
j=1 k=0
Obviously, |a,,| > 1. Then

n n n n n
E AR Sk—m = E g akbjz;-“_m = E bjzj_m E asz =0.
k=0

k=0 j=1 j=1 k=0

Now we express Sp in terms of the other S, Note that when & = m, S;_,, = Sp. Thus

0 e _ e _ = — R — _

> arSkem =amS+ Y apSk—m = S > amsk m

k=0 k=0,k#m k=0,k#m
Hence
A
1So| = Z ask_m < Z |Sk—m| < n £1|15|1}<( |S,].
k=0;k#m k=0;k#m
0
Remark 9.10.1 (of user oty from AoPS). One can show that equality holds iff b; = by =
2
- = b, and the set of numbers z; is the same as < a - exp <(%) ‘ 1=12,. },
n

where a is an arbitrary constant of absolute value 1.
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Problem 9.11 (of user Dattier from AoPS). Let u,v,w, g, f € C(Ry,R%) with v, w
increasing, f,g,u € C'(R,) and Vx € R,

u(z) = f(x) x v(z) + g(z) x w(z).
Show that Vo € R,

o) (212 1))
u(r) — glx)” fz) )

Solution (of user solyaris| from AoPS). For x > t we have F(z) := u(z) — f(z)v(t) —
g(x)w(t) > 0, and thus F'(t) > 0. This gives v/(z) > f'(x)v(x) + ¢'(z)w(z) and thus

u'(x) o fla)o(a) + g'(x)w(z)
u(z) — flz)v(z) + g(r)w(z)

for all x > 0. So it suffices to check that for all a, b, ¢,d > 0 we have aiz > min {27 g},
c c

which is easy to see. [

Problem 9.12 (from |AoPS). Let f,g,h € C([a,b]) be differentiable on (a,b). Is it true
that then 3¢ € (a, b) such that

(f(b) = f(a)) = (g(b) = g(a)) : (h(b) = h(a)) = f(§) - g'(§) - H'(£)?

Solution (of user greenturtle3141| from AoPS, coinciding with the original solution of
Anton Igorevich Korchagin from the 2019 fall analysis class at MIPT). No, let us take
the "coil"

(f,9,h) = (cosz,sinz, x)

for x € [0,27]. Then the LHS (difference between start and end) is (0,0, 27), which is
(0,0,1) up to ratios. For the RHS we compute

(f,g,h) = (—sinz,cosz, 1),
which is never parallel to (0,0, 27) because the first two components cannot simultane-

ously be zero. O

Problem 9.13 (2017 Olympic Revenge, Problem 4, from |AoPS). Let f : R, — R, such
that f"”(x) > 0 for all x € R;. Prove that:

f(a® +b* + )+ 2f(ab + be + ac) > f(a* + 2bc) + f(b* + 2ca) + f(c* + 2ab)
for all a,b,c € R,.
Solution (of user chronondecay|from AoPS).
Theorem 1. Let 0 < a; < as < az and 0 < by < by < by be given such that
a; + as + as = by + by + b3 = o1,

a1a9 + asasz + ajagz = blbz + bgbg + blbg = 09,
a1a20s3 Z b1b2b3.

Then for any f with [ > 0, we have f(a1) + f(as) + F(as) > f(b1) + f(ba) + f(bs).
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Lemma 9.13.1. For any quadratic polynomial P, we have P(a;) + P(as) + P(a3) =
P(by) 4+ P(by) + P(bs).

Proof. Tmmediate from a; + ag + ag = by + by + b3 = 01 and a? + a3 + a3 = b2 + b3 + b3 =
2
o7 — 209. O

H(z—1t)? 0<t<ua,

For the rest of the solution, define ¢, (t) =
0, t>x.

Lemma 9.13.2. There exists a quadratic polynomial Py, depending only on f, such that
for all z > 0 we have

f(2) = Py() + / o0

Solution. Integrating by parts twice, we have

/@f”’(t) dt = Lﬁf”(t) -+ (l‘ — t)f/<t) + f(t) + C.

Hence . 2 "
[ S = -0 - pow+ s - 10),
so we can take Pp(z) = @xQ + f'(0)z + £(0).

Lemmas [9.13.1/ and 9.13.2 imply that

flar) + fla) + flas) = (F(b) + S(ba) 4 £00) = [ @ Wt (0
0
where ® = @, + Yoy + Pas — (Vb + P, + Vb ); NOW we can completely forget about f,
and it suffices to show the next lemma.

Lemma 9.13.3. We have ®(¢) > 0 for all ¢ > 0.

Proof. Consider the cubic polynomial 1 (t) = t* — 01t> + 0ot; note that ¢ — ajasas has
roots aq, as, az by Vieta’s formulas, and similarly for b;. By sketching a graph, it is easy
to see that the ordering between the a; and b; is given by

by <ap <ay <by <bs <as.

Now ® = 0 on [as, 00) since all of its summands are 0, and ® =0 on [0, b;] by Lemma 1.
In particular, since ¢’ is continuous, we have ®'(b;) = ®'(az) = 0. Now ®” jumps by —1
at all a; and +1 at all b;, so

, te(b,a),

0, te(ay,as),

D"(t) = ¢ —1, t€ (aby),
0, te(bybs),

1, te(bs,az)

(It helps to sketch a graph of ® at this point.) This implies that
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e ® is increasing on [by,a1] and decreasing on [bs,as], so ® > 0 on both of those
intervals; and

e & is concave on [aq, b], so since ® > 0 at both endpoints (by the above point), we
must have ® > 0 on the whole interval.

Thus ® > 0 on all of [0, 00), and we are done. O

9.5 Unsolved Analysis

Problem 9.14 (from |AoPS|). Consider an exponential polynomial a(z) = ZAi(z)eBiz
i=1

where A; € Clz] and 8; € C. Let I' be the perimeter of the convex hull of the set
{B1,...,Bm} of frequencies of a(z). Show that the number of zeros of a(z) in the annulus
|z] < R is, as R — oo,
'R
o
In particular, every generalized power sum that is not of the shape ce®* has infinitely
many zeros.

+0(1).

Problem 9.15 (of user Sunjee from AoPS). f is differentiable positive function and
a < c¢<bthen

b c
(b—c)exp /ln f(x)dx | + (¢ —a)exp /ln f(x)dx
> (b—a)exp /ln f(z)dx

a

Problem 9.16 (from AoPS). Let E be a set of points in the plane with the property
that every closed disk of radius 1 includes at least one element of E. Prove that there
exists a straight line L such that the orthogonal projection of E onto L is everywhere
dense on L.

Problem 9.17 (from AoPS). Let f : C — C be analytic in the unit disc. Prove that
there exists a sequence {a,} in the unit disc such that lim, _, |a,| =1 and {f(a,)} is a
bounded sequence.

Problem 9.18 (M. Laczkovich, Miklés Schweitzer 1988, from |AoPS)). Let H C R be a
bounded, measurable set of positive Lebesgue measure. Prove that

lim inf AH +4)\ H)

t—0 ‘t’

> 0,

where H +t ={x+1t:2 € H} and X is the Lebesgue measure.

Problem 9.19 (S. Bernstein, from |AoPS)). Suppose that f is differentiable n + 1 times
on [—1,1] and its n + 1-th derivative is positive on this interval. Then prove that the
polynomial P of degree at most n which minimizes the L; norm of f — P is the Lagrange
interpolation polynomial of degree n that agrees with f at cos (nk—j:z) fork=1,...,n+1.
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10 Probability, Statistics and Stochastics

Problem 10.1. (a) (from StackExchange) What is the maximum possible value of

min{P(X > Y),P(Y > Z),P(Z > X)},

where X,Y and Z are random variables?

(b) (from |AoPS) What is the maximum possible value of

min{P(X > Y),P(Y > 2),P(Z > X)},
where X, Y and Z are independent random variables?
Solution. (a) (from the posts of users mathmd and peterwhy on StackExchange)
Answer: % The bound follows from
PX>Y)+PY >2)+P(Z > X)
=PX>Y>Z)+PX>Y <O +PY >Z>X)+PY >Z<X)
+P(Z>X>Y)+P(Z>X<Y)
<I+PX>Y>2)+PY >Z>X)+P(Z>X>Y)
<4-(PX>Y)+PY > 2)+P(Z > X)).

As an example, consider if there are three equiprobable cases i, ii, iii:
Casei: |Z=0; Y =1, X =2

Case ii: Y=1, X=2, Z=3
Case iii: X=2 Z=3, Y=414

Then P(X > Y)=P(Y > Z)=P(Z > X) = 2.

(b) (from the posts of users jmerry|and fedja on AoPS)

VE-1 _
2

Answer: =: t. For attainability construct the following example:

X=0, PY=-1)=t PY=2=1-t
P(Z=1)=t, P(Z=-2)=1-t

Then clearly P(X >Y)=P(Z > X) =tand P(Y > Z) = 1—t+t(1—t) = 1-1? = 1.
It remains to prove the bound. This will be done in three steps.

1. It suffices to consider random variables taking just 2 different values.

2. If X takes values x1 > x9 with probabilities 1 —p and p and similarly for Y and
Z (using letters ¢ and r respectively), then the worst possible ordering (up to
cyclic rearrangements of X, Y, Z) of the values is 1 > y; > z1 > x9 > yo > 2o.

3. For this ordering, the three probabilities are given by 1 —p(1 —g¢q), 1 —¢q(1 —r)
and p(1 —r). It is impossible to have all three numbers strictly greater than ¢.

Here are the implementations of the steps.
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1. First of all, we may assume that X, Y and Z take finitely many values. Indeed,
choose a large integer n and replace X by X that equals —n if X < —n, % if
% <X < %, k=-n?...,n?—1and nif X > n and similarly for Y and Z.
It is not hard to check that P(X > Y) tends to P(X > Y) as n — oc.

Now let x1 > x5 > --- > x,, be the set of values taken by the random variable
X and let py,...,pm > 0 be the corresponding probabilities. If m > 2, we
shall change the probabilities p; in such a way that one of them becomes 0
and the probabilities P(X >Y), P(Y > Z), P(Z > X) do not decrease.

Note that, due to independence of X and YV, P(X >VY) =3 . p; P(Y < z;)
and similarly for Z. Thus our problem becomes to change p; such that the
linear form }_.p; remains 1 and two other fixed linear forms of p; do not
decrease.

If m > 3, we can even move p; so that all three linear forms stay the same (we
have more variables than equations so the set of solutions forms a non-trivial
linear subspace in R™).

If m = 3, we can no longer fix all three linear forms, but we still can choose
the non-trivial increments Ap; so that » . Ap; = 0 (this gives us a plane in
R3) and two other forms are non-negative (this gives us an intersection of two
half-planes on our plane and the intersection of any 2 half-planes contains a
non-zero vector (provided that their boundaries contain the origin, which is
the case in our situation)).

So, we can reduce the number of different values of X to 2.

Now the same can be done for Y and, finally, for Z.

2. Consider now some possible ordering of x1, ..., z5. If in this ordering we have
some xr immediately followed by some z, we can exchange them, increasing the
probability that Z > X and keeping two other probabilities unchanged. So,
we may assume that z never follows x. Similarly = never follows y and y never
follows z.

Due to cyclic simmetry, we may assume that the largest value is ;. It cannot
be followed by z;. Also, it cannot be followed by x5 (otherwise Z < X with
probability 1). Therefore, the next element in our ordering must be ;.
Reasoning this way again and again, we see that only 2 orderings are possible:
x1>y1>z1>a:2>y2>22andx1>y1>z1>22>a:2>y2. But in
the second case we may replace z; and 25 by a common value z attained with
probability 1 and add a dummy value 2’ > x; that is taken with probability 0,
thus reducing the second case to a partial case of (a cyclic rearrangement of)
the first case.

3. Suppose that all three probabilities are greater than ¢. Then, since p(1—r) > t,
we must have p > ¢t and 1 —7r > %. Since 1 —q(1 —r) >t and 1 — > = ¢, we
conclude that ¢ < pt. But then p(1—q) > p(1—pt) > t* because p — p(1—pt)
is a concave function of p and it takes the value t? at p = t and at p = 1. Thus,
the first probability does not exceed 1 — 2 = ¢ — contradiction.

]

Problem 10.2 (from [StackExchange)). There is a programming meme called Stalin sort
which works as follows: the algorithm proceeds from left to right and each time it en-
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counters a value a; less than the previous one a;_; the element a; is removed from the

sequence.
Given a positive integer n what is the expected length of the Stalin-sorted permuta-
tion of the sequence 1,...,n (we treat all these permutations as equally probable).

Solution (of user Rafi from StackExchange). Given n and k € [n], denote by Ry the
event that the kth entry of a permutation o : [n] — [n] chosen uniformly at random
is retained by this sort. Then it follows from linearity of expectation that the desired
expected length is

(k—1)! 1
IO D SETTRED DELAED PiCL S g
ke[n] ke[n] ke[n] ke[n] ’ ke[n]
which is the nth partial sum of Harmonic series. O

Problem 10.3 (from StackExchange]). Let X and Y be two random variables that satisfy
E[X?] + E[Y?] < co. Prove that

E[VX?+Y?] 2 V(B[X])? + (B[Y])*
Solution (of user Mike Earnest from StackExchange). By Cauchy-Bunyakovsky-Schwarz
(EX)*+ (EY)*=E[X-EX +Y - EY]
<E[VXT+YI. J(EX) + (BY)?
= E[VX2+Y? \/(EX)?+ (EY)%

]

Problem 10.4 (of user Dattier| from AoPS). Let Xi, ..., X,, be independent identically
distributed random variables and M be the median of that distribution. Is it true that

P(min(Xy, ..., X,) < M < max(Xy,....X,)) >1— T

Solution (of user Gryphos| from AoPS). Note that

P(min(Xy,...,X,) < M <max(Xy,...,X,)) =1—Pmin(Xy,..., X,) > M)
— P(max(Xy,...,X,) < M).

By independence,
P(min(Xy,...,X,) > M) =P(X; > M)" <27,

where the second inequality holds since M is a median. Analogously, P(max(X7,...,X,) <
M) <27, from which the claim follows. O

Problem 10.5 (problem 4.7 from [8]). Let (W:, ¢ > 0) be a Wiener process. Let the

sequence {t,,n € N} of positive reals satisfy >~ tr/* < 0o. Prove that then Wi, | —
+00 a.s. when n — oo.
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Solution (of teacher from the class). We have

— 0 a.s.

|th| njoo o0 a.s. s m =

1
— P(limsup—>0> =0

n—o00 | tn |

— P <limsup > 5) =0 Ve>0.

1
n—o00 |th |

We have W;/v/t ~ N(0,1) so for its PDF f we have f(0) = 5= % < 1. Hence for a fixed

e>0
1 1
1 W, 1 T 1
Pl >c|=P(|—2|<—= :/ tdt</—dt:—.
(=) == (V1< ) AR R
T =
Define A { ! > } Th
efine A, := ¢ ¢. Then
W]
Epiy e
n=1 n=1 8\/5
Therefore by Borel-Cantelli P (lim sup An) = 0 as desired. O
n—oo

Problem 10.6. Prove that the following “triangle” inequality holds for conditional en-
tropy: for any random variables X,Y, Z

HY | X)+H(Z|Y)>H(Z|X).
Solution (of user leonbloy| from StackExchange).

HY | X)+HZ|Y)=H(Y | X)+HZ|Y,X)+ I(X;Z|Y)
HY,Z | X)+I(X;Z|Y)
—H(Z|X)+H(Y | X,2)+1(X;Z|Y).
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11 Appendix

11.1 Algebraic identities
For real numbers hold the following identities:

1. (from the posts of users |Pain rinnegan and spanferkel on AoPS)

(a® +0*)(b* + (¢ + a®) = (ab® + bc® + ca® — abc)® + (a®b + b*c + c*a — abe)?,

(a® 4+ b)) (b 4+ &) (A + d*)(d* + a?) = ((ac + bd)* — ac(b — d)* — bd(a — c)2>2

+ (e~ bd)(a— b~ ),

(a® +0*)(V* + &) (® + &) (d* + ) (e* + a*) = <Z acd(ad + be — ab) — abcde)2

+ (Z abd(ad 4 be — dc) — abcde>2 ,

2. (from the post of user brokendiamond|on AoPS)
(1+a*)(1+b*)(1+c*) = (ab+bc+ca—1)>+ (a + b+ c — abe)?,
3. (from the post of user DerJan/ on AoPS)
Py + iz 4 Pr = (Py + Pz P ay) (e oy +2) — (vy Fyz +ozx)?
4. (from the post of user Rishabh Ranjan on AoPS)
(a+b+e)+(—a+b+c)+(a—b+c)+(a+b—c) = (2a)+ (20)* + (2¢)?,
5. mya(e + P+ 29) — 2P B 4 B0 = (2 — y2) (5 — )2 — ay),
6. (from the post of user no room for error|from AoPS)

abc(a + b+ c)® — (ab + be + ca)® = (a* — be)(b* — ca)(c® — ab),

7. (Lagrange’s identity)

(Zﬁ) (Z bi) - <Z akbk> = A_ _ (aib; —a;b;)”

k=1

(for n = 4 from the post of user Phelpedo on AoPS)
(a®> + 0%+ +dH) (2 + y* +w® + 2%) — (ax + by + cw + dz)?

= (ay — bz + cz — dw)* + (aw — bz — cx + dy)? + (az — dx + bw — cy)?,
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8. (from the post of user KhuongTrang| on AoPS) Consider the following:

(a) ab+ ac+ be+ abe = 4,
(b) —— 4 p 1
a+2 b+2 c+2
(©) ab+ac+1 ab+bc+1 cb+ac+1
then (a) <= (b) = (¢),

a+2 b+ 2 c+2

9. (from the post of user |can hang2007| on AoPS)
(14 a)(1+b*)(1 + c®) + 8abc = (1 + abe)®* + (a+ be)* + (b+ ca)®* + (c + ab)?,

10. (see Problem [7.26)) If x4, ..., x, are pairwise distinct and nonzero then

Z H :
SL’J—IZ 1311‘2...13

For complex numbers hold the following identities:

n

1. (from the post of user phoenixfire on AoPS)
29 23 iz
+ +
2(n+2) (14 2)(zn+22+23) (2142204 23)(21 + 22+ 23 + 24)
. 2o + z3 + 24
21(21 + 29 + zZ3 + 24).

2. (from the post of user chronondecay on AoPS) If z = a® + 2bc, y = b* +2ca, z =
2+ 2aband p=a®+b+c% qg=r=ab+ bc+ ca then

r+y+z=p+qg+r and zy+yz+zx=pg+qr+rp.

11.2 Trigonometric identities

n (n+1)t - +/9
LY sinkt = 2 Snt/2) N VieR
sin(t/2)

11.3 Combinatorial identities

1. (Dixon’s identity, see |1.30)

S ()G = ()

k

11.4 Number-theoretic identities

For any n € N

1ZH S (k).

k=1

2. (see Problem |5.40) chm ( LEJ )
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11.5 Linear-algebraic identities

For any A € C"*"

1. (from [StackExchange) det(e?) = et(4).
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